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Abstract
Robust localisation techniques that utilise distance observations to determine the location
are focused upon. In urban environments with limited visibility and high population
density, the presence of non‐line‐of‐sight signals can introduce a positive measurement
bias, negatively affecting the accuracy of estimation. To resolve this problem caused by
multipath effects, robust localisation techniques have been explored, specifically the
skipped filter weighted least squares (WLS) method for localisation. However, the
squared estimation bias of the transformed distance estimate of the existing skipped filter
WLS method is high in the low signal‐to‐noise ratio condition owing to the second‐order
noise terms. Therefore, the modified skipped filter WLS methods are proposed to reduce
the squared estimation bias of transformed distance estimate. First, the closed‐form
modified skipped filter WLS method uses the maximum likelihood estimate (MLE) to
reduce the squared estimation bias of the transformed distance estimate. In addition, the
modified skipped filter WLS method using the online ML and online expectation max-
imisation (EM) algorithms are introduced whose advantage is that they do not require the
number of Gaussian components unlike the existing Gaussian mixture model EM al-
gorithm. The mean square error analysis of proposed closed‐form skipped filter WLS and
existing skipped filter WLS methods is performed. Furthermore, the localisation accuracy
of the proposed techniques is found to outperform that of competing algorithms via
simulation results.
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1 | INTRODUCTION

Accurate and reliable localisation of objects and devices
has become increasingly important across various fields,
including wireless communication, robotics, and navigation
systems. Time‐of‐arrival (TOA) localisation is a popular tech-
nique that estimates the position of a target by measuring the
time it takes for a signal to travel from a transmitter to the
receiver. However, TOA localisation is prone to various chal-
lenges, such as multipath propagation, interference, and non‐
line‐of‐sight (NLOS) conditions, which can significantly
degrade its accuracy and reliability. Therefore, it is essential to
create an algorithm that solves the aforementioned issues

for localisation using TOA measurements. Specifically, the
focus of this study is to devise an accurate method dealing with
NLOS noise for determining the position of the target node.

In the context of localisation, extensive studies have been
conducted on LOS scenarios [1–6]; however, research on
NLOS situations is relatively limited. Previous studies have
explored various approaches, including convex optimisation
[7–11], robust statistics [12–19], LOS and NLOS sensor
identification [20–22], and robust filtering [23–33], to estimate
location under NLOS conditions. Although the maximum
likelihood estimator (MLE) is well known for its efficiency,
it may not be practical when attempting to estimate the pa-
rameters of the LOS/NLOS mixed model using MLE due to
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the time‐variant characteristics of NLOS noise statistics.
Recently, the maximal correntropy criterion (MCC) has gained
attention as an outlier‐resistant method [27–29]. Robust Kal-
man filters have shown superior performance over traditional
Kalman filters and unscented Kalman filters in mixed LOS/
NLOS scenarios [27–29]. Additionally, a novel algorithm
known as the generalised maximum correntropy (GMCC)
Kalman filter is introduced [33], offering effective mitigation of
NLOS errors. However, the usage of a small kernel band-
width can render the MCC‐based technique unstable and
prone to divergence. Furthermore, the determination of the
tuning parameters and covariance matrix is not an easy task
because they are generally found by trial and error. Another
method is a robust localization approach that utilises proba-
bility density function (PDF) estimation. It estimates the LOS
distance by identifying the support for the first peak [34]. The
underlying principle of this method is that the direct LOS path
always results in a shorter distance measurement compared to
the indirect NLOS path. Despite the high accuracy of the
robust localisation based on the PDF estimation method, this
method is proper for the localisation of the static or slowly
moving object because the computational complexity is high.
To enable vehicle positioning in challenging environments such
as the fast moving object scenarios, a localisation algorithm is
designed based on multi‐epoch and multi‐antenna TOA ob-
servations. This algorithm incorporates TOAs from recent
multiple epochs and introduces inter‐epoch constraints on
position and attitude changes [35]. To resolve the ranging
problem, a Bayesian approach is proposed [36]. Furthermore,
the Euclidean distance matrix is employed to locate multiple
sources [37]. In addition, a number of studies have been
proposed to reduce the bias in localization when the mea-
surement noise is large [38–41].

A closed‐form skipped filter weighted least squares (WLS)
method (CS‐WLS) has been developed to attenuate the adverse
effects of NLOS noise [15, 16]. However, the squared esti-
mation bias of this method is large. Accordingly, the MLE is
used to estimate the transformed distance. Consequently, the
squared estimation bias of the MLE for the transformed dis-
tance becomes smaller than that of the existing skipped filter
WLS method. This reduced squared estimation bias of the
proposed closed‐form modified skipped filter WLS (CMS‐
WLS) method renders the mean square error (MSE) smaller
than that of the existing CS‐WLS method. In addition, the
Gaussian mixture model (GMM)‐based expectation max-
imisation (EM) algorithm has been used for emitter localiza-
tion. However, the disadvantage of this algorithm is that it
requires the number of Gaussian components. This informa-
tion cannot be obtained easily a priori in most practical situ-
ations. To resolve this problem, the Gaussian mixture
distribution is approximated as a single component Gaussian
distribution. Then, online methods are utilised because the
PDF changes at each time instant. Additionally, the MLE is
used to maintain the optimal estimation performance; that is,
online maximum likelihood (ML) and EM algorithms are
employed to attain the optimal performance without knowing
the number of Gaussian components.

The key contributions of this study are summarised as
follows:

� The CMS‐WLS method is developed to lower the squared
estimation bias of the existing CS‐WLS method. The
transformed distance is estimated using the MLE instead of
the sample mean because the squared estimation bias of the
transformed distance estimate based on the MLE is smaller
than that of the transformed distance estimate using the
sample mean (note that the MSE is the sum of the squared
estimation bias and error variance).

� The MSE analysis of the CMS‐WLS method is performed.
The MSE of the proposed CMS‐WLS method is shown to
be smaller than that of the existing CS‐WLS method
because the squared estimation bias of the former is smaller
than that of the latter.

� A modified skipped filter WLS method based on the online
ML algorithm (OMMS‐WLS) and a modified skipped filter
WLS method based on the online EM algorithm (OEMS‐
WLS) are devised. The misidentification of the number of
Gaussian components renders the estimation error large.
Therefore, the knowledge of Gaussian components is
important. However, this information cannot be obtained
easily in most practical situations. These methods are
formulated to develop an algorithm that does not require
prior knowledge of the number of Gaussian components.
Namely, the single Gaussian component is postulated in the
OMMS‐WLS and OEMS‐WLS methods to overcome the
weakness of the existing GMM‐EM method. Hence, these
proposed algorithms differ from the existing GMM‐EM
algorithm which needs the accurate number of Gaussian
components in this regard.

� The MSEs of the distance estimate of the proposed online
algorithms are shown to be smaller than that of the skipped
filter WLS method using the existing GMM EM (GMMS‐
WLS) algorithm. Subsequently, overall positioning MSEs of
the proposed online algorithms are smaller than that of the
existing GMMS‐WLS algorithm.

The subsequent sections of this study are organised as follows.
Section II outlines the problem of location estimation in mixed
LOS/NLOS scenarios. In Section III, the modified skipped
filter WLS localisation approaches proposed in this study are
introduced. The theoretical analysis of the MSE of the CMS‐
WLS and CS‐WLS methods is provided in Section IV. The
performance evaluation is presented in Section V, where the
root mean square error (RMSE) performance is assessed based
on simulation results. Lastly, Section VI concludes the paper
and discusses potential future directions.

2 | PROBLEM FORMULATION

The goal of the emitter localisation method is to find the so-
lution that achieves the lowest value of the risk function. More
specifically, robust techniques aim to identify and mitigate the
effects of outliers. These robust methods can suppress or
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eliminate unwanted signal components and improve the ac-
curacy of TOA measurements. In scenarios dealing with the
localisation of a source under mixed LOS and NLOS condi-
tions, the measurement equation is shown as

ri;j ¼ di þ ni;j

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x − xið Þ
2
þ y − yið Þ

2
q

þ ni;j;
ð1Þ

where xi yi½ �
T represents the known Cartesian coordinates of

the ith sensor, whereas [x y]T denotes the unknown position
of the target node. Moreover, ri,j represents the range
observation from the target node to the ith sensor at the jth
time instance, and di represents the actual distance. Addi-
tionally, the variable ni,j represents a two‐mode Gaussian
mixture random variable defined as a combination of two
Gaussian distributions: 1 − νið ÞN 0; σ2

1

� �
þ νiN μi;2; σ2

2

� �
.

Here, i = 1, 2, …, M refers to the number of sensors, and
j = 1, 2, …, P refers to the number of observations in each
sensor. In this mixture model, the inliers follow a Gaussian
distribution with a mean and variance of 0 and σ2

1, respec-
tively. The outliers follow a Gaussian distribution with a mean
and variance of μi,2 and σ2

2, respectively. Parameter νi repre-
sents the contamination ratio, which typically takes values
between 0 and 1. Notably, νi is typically lower than 0.5,
except for heavily NLOS contaminated scenarios. The two‐
mode GMM has been widely used to model scenarios
involving mixed LOS and NLOS conditions [23–26]. How-
ever, in practical scenarios, obtaining precise information
regarding the statistical moments of the NLOS noise distri-
bution may be infeasible. To assess the robustness of the
proposed localisation algorithms against modelling errors,
computer simulations are conducted. These algorithms are
compared with state‐of‐the‐art techniques under various
NLOS error models. By squaring both sides of Equation (1)
and rearranging the terms, the following expression is
derived:

xixþ yiy − 0:5Rþmi;j ¼ 0:5 xi2 þ yi2 − r2i;j
� �

;

i¼ 1; 2;…;M; j ¼ 1; 2;…; P
ð2Þ

where R¼ x2 þ y2;mi;j ¼ −dini;j − 1
2n

2
i;j . Furthermore, the

following expression is obtained by representing Equation (2)
in a matrix form

Axþmj ¼ bj; j ¼ 1;…;P ð3Þ

where mj ¼ m1;j;…;mM;j
� �T

; x¼ ½x y R �T ,

A ¼
x1 y1 −0:5
⋮ ⋮ ⋮
xM yM −0:5

0

@

1

A ð4Þ

and bj ¼ b1;j⋯bM;j
� �T

¼
1
2

x21 þ y
2
1 − r21;j
⋮

x2M þ y
2
M − r2M;j

0

B
B
@

1

C
C
A: ð5Þ

The objective is to determine the unknown location param-
eter x by effectively combining the transformed distance
observations, [b1, …, bP]. The commonly used approach for
this purpose is the two‐step WLS method, which is preferred
due to its simplicity. This study utilises uppercase bold letters
to denote matrices and lowercase bold letters to represent
vectors. The transpose operation is indicated by the operator
[⋅]T.

3 | PROPOSED METHODS

This section presents the proposed CMS‐WLS method.
Furthermore, the OMMS‐WLS and OEMS‐WLS algorithms
are introduced.

3.1 | CMS‐WLS method

The CMS‐WLS algorithm based on the invariance property of
the MLE is presented. The invariance property of MLE refers
to a property of MLE that if θ̂ is the MLE of θ, then gθ̂ is the
MLE of η = g(θ) [42]. In addition, g(θ) must be a one‐to‐one
function. The transformed distance estimate of the existing
skipped filter WLS method, defined as μCSbi;1 (the superscript CS
is the abbreviation of the closed‐form skipped filter), was
obtained as follows [15, 16]:

μCSbi;1 ¼
1

PLOS

X

j∈LOS

bi;j ð6Þ

bi;j ¼
x2i þ y

2
i − r2i;j
2

i¼ 1; 2;…;M

ð7Þ

where PLOS denotes the number of observations that are
predicted as LOS samples via Rao‐testing [43], which indicates
that the corresponding sample is an outlier when the following
condition is satisfied:

TR ri;j
� �

¼
ri;j − di
� �2

σ2
1

> γ

i¼ 1; 2;…;M; j ¼ 1; 2;…;P

ð8Þ

where the threshold (γ) is determined by the α‐level rule. In
addition, di is estimated in Equation (8) as follows. First, the
position estimate is obtained based on the least squares method
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using themedian of transformed distances. Then, di is calculated
using this position estimate. However, μCSbi;1 is not optimal in
terms of any error measure, such as the sum of squares or like-
lihood function. This estimate approximates the optimal esti-
mate in the sufficiently small noise conditions, but is not optimal
in the large noise conditions owing to the second‐order noise
term. Accordingly, μCSbi;1 is modified such that it is equal to the
MLE because the MLE is an asymptotically optimal estimator.
The transformed distance estimate in the CMS‐WLS method,
defined as μCMS

bi;1
(the superscript CMS denotes the abbreviation

of the closed‐form modified skipped filter), is obtained by the
invariance property of the MLE as follows:

μCMS
bi;1 ¼

x2i þ y
2
i −
�
r̂iMLE

�2

2
ð9Þ

r̂iMLE¼
1

PLOS

X

j∈LOS

ri;j ð10Þ

i¼ 1; 2;…;M:

Then, the first‐step WLS solution is obtained as follows [2, 3]:

x̂ ¼ AT CCMS
μb;1

� �−1
A

� �−1

AT CCMS
μb;1

� �−1
μCMS
b;1 ð11Þ

where μCMS
b;1 ¼ μCMS

b1;1
;…; μCMS

bM ;1

h iT
; μCMS

bi;1
¼

x2iþy
2
i −ðr̂iMLEÞ2

2 ,

CCMS
μb;1 ¼ diag σμb1 ;1

2
� �CMS

;…; σμbM ;1
2

� �CMS
� �

, σμbi ;1
2

� �CMS
≃

d2i σ2
1

PLOS
≃ ðr̂iMLEÞ2σ̂i;12

PLOS
, where σ̂i;12¼

P
j∈LOS

ðri;j−r̂iMLEÞ2

PLOS
and the

second‐order noise terms are neglected in the calculation of
error variances. Also, the second‐step estimate is expressed as
follows [2, 3]:

x̂s ¼ HTC−1
ĥ H

� �−1
HTC−1

ĥ ĥ ð12Þ

where the subscript s denotes the second‐step estimate,

ĥ ¼ x̂½ �21 x̂½ �22 x̂½ �3
� �T

; ð13Þ

H¼
1 0
0 1
1 1

0

@

1

A; ð14Þ

Cĥ ¼ diag½2x 2y 1� AT CCMS
μb;1

� �−1
A

� �−1

diag½2x 2y 1�≃

diag 2 x̂½ �1 2x̂ 2 1
� �

AT CCMS
μb;1

� �−1
A

� �−1

diag 2 x̂ �1 2 x̂ �2 1
� �

;
��

ð15Þ

and x̂ �i
�

(i = 1,2,3) is the ith component of x̂ . The final emitter
position estimate can be expressed as follows [2, 3]:

x̂f ¼ sgn x̂½ �1
� � ffiffiffiffiffiffiffiffiffiffi

x̂s
� �

1

q

sgn x̂ 2ð Þ

ffiffiffiffiffiffiffiffiffiffi

x̂s
� �

2

qh iT
ð16Þ

where sgn (⋅) indicates the sign function and x̂s�i
�

(i = 1,2) is
the ith component of the second‐step position estimate. The
superiority of the MSE performance of the CMS‐WLS method
compared with that of the existing CS‐WLS method is shown
in Section IV. A. Note that the CMS‐WLS method is the
closed‐form method. Therefore, the divergence and initialisa-
tion problems do not exist. In addition, the computational
complexity is lower compared with the iterative methods.

Remark 1. Note that μCMS
bi;1

is an exactly sufficient statistic
because r̂iMLE is a sufficient statistic of di and μCMS

bi;1
is a

function of r̂iMLE (any one‐to‐one function of the sufficient
statistic is also the sufficient statistic). In contrast, μCSbi;1 is an
approximately sufficient statistic [16]. Further, the biases of
both statistics are non‐zero and this non‐zero bias renders the
positioning MSE greater than that obtained using the unbiased
statistic. Indeed, MSEs of both algorithms would be more
degraded than the Cramér‐Rao lower bound (CRLB) as the
standard deviation of measurement noise (σ1) increases.
However, the positioning MSE obtained using μCMS

bi;1
is smaller

than that obtained employing μCSbi;1 because the squared esti-
mation bias of μCMS

bi;1
is lower than that obtained using μCSbi;1 as

seen by Equations (30–41).

3.2 | OMMS‐WLS method

The main drawback of the standard GMM EM method is that
it requires the knowledge of the number of Gaussian com-
ponents. For example, assume that the user misidentifies the
number of Gaussian components are three although the true
number is two. Then, the estimation error becomes large due
to the misidentification. Therefore, the accurate prediction of
the Gaussian components is very important. However, the
number of Gaussian components cannot be known easily a
priori in most practical situations. Therefore, this problem is
resolved by assuming that the observation belongs to only one
Gaussian component at each time instant. Consequently,
knowing the number of components is not necessary. The
GMM at each time instant is represented as follows:

Li;j ¼
PK

k¼1

ffiffiffiffiffiffiτi;k
p

ffiffiffiffiffiffi
2π
p exp −

τi;k
2

ri;j − di − bi;k
� �2

� �
πi;k

� �

j ¼ 1;…;P; i¼ 1;…;M
ð17Þ

where τi,k denotes the precision parameter of the kth
component of the GMM in the ith sensor, di is the actual
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distance between the emitter and the ith sensor, bi,k is the
measurement bias of the kth component of the GMM in
the ith sensor and πi,k denotes the weighting coefficient of
the kth component of the GMM in the ith sensor. When
one component among K components at each time instant
is assumed to be valid, (17) can be rewritten as follows:

Li;j ≃
ffiffiffiffiffiffiffiffiffiffiffiτi;k0ðjÞ
p

ffiffiffiffiffiffi
2π
p exp −

τi;k0ðjÞ
2

ri;j − di − bi;k0ðjÞ
� �2

� �

j ¼ 1;…; P; i¼ 1;…;M

ð18Þ

where k0(j) denotes the mixture component (k) to which ri,j
belongs. The weighting coefficient (πi,k) is equal to 1 because
the integral of the PDF must be 1. Consequently, the log‐
likelihood function is obtained as follows:

li;j ¼
1
2
logτi;k0ðjÞ −

1
2
log2π −

τi;k0ðjÞ
2

ri;j − di − bi;k0ðjÞ
� �2

j ¼ 1;…; P; i¼ 1;…;M:
ð19Þ

Because the PDF alternates at each time instant, the online
method is used. Instead of processing the entire dataset in each
iteration, online method updates the model parameters when
new data arrives. This allows the algorithm to adapt to
changing data distributions and update the model in real‐time.
In addition, the MLE is employed because it is an asymptoti-
cally optimal estimator (i.e., the online MLE is used). The
rationale behind online MLE is to update the model parame-
ters iteratively using the observed data and the current esti-
mates of the parameters. When new data arrive, the likelihood
function is updated, and the model parameters are adjusted to
maximise the updated likelihood. This iterative process enables
the model to adapt and learn from the new information
without requiring access to the entire dataset. By iteratively
applying this update rule, the estimates converge to the ML
solution as more data become available. Parameters di and bi,k0
(j) are obtained by differentiating li,j and setting its derivative to
zero as follows:

bi;k0ðjÞ ¼max ri;j − di; 0
� �

ð20Þ

di ¼ ri;j − bi;k0ðjÞ ð21Þ

j ¼ 1;…;P; i¼ 1;…;M:

where max is the operator which selects the larger value among
two numbers. This operator appears because the measurement
bias bi,k0(j) must be a non‐negative value. Equations (20) and
(21) are iteratively updated online using the entire measure-
ment set. After di is estimated, it is substituted into Equa-
tion (8) to identify inliers and outliers. Subsequently, the sample

mean of the samples predicted as inliers is calculated using (10)
and then the transformed distance estimate is computed using
Equation (9). Finally, the position of the emitter is calculated
using Equations (11–16).

3.3 | OEMS‐WLS method

The GMM can be expressed in batch form to integrate ob-
servations up to time instance P as follows:

Li ¼∏
P

j¼1

XK

k¼1

πi;k
ffiffiffiffiffiffiτi;k
p

ffiffiffiffiffiffi
2π
p exp −

τi;k
2

ri;j − di − bi;k
� �2

� �� �( )

ð22Þ

≃ ∏
P

j¼1

ffiffiffiffiffiffiffiffiffiffiffiτi;k0ðjÞ
p

ffiffiffiffiffiffi
2π
p exp −

τi;k0ðjÞ
2

ri;j − di − bi;k0ðjÞ
� �2

� �� �

ð23Þ

i¼ 1;…;M:

The logarithm of Equation (23) is as follows:

li ¼
XP

j¼1

1
2
logτi;k0ðjÞ −

1
2
log2π −

τi;k0ðjÞ
2

�

� −
τi;k0ðjÞ
2

ri;j − di − bi;k0ðjÞ
� �2

� �o

i¼ 1;…;M:

ð24Þ

Differentiating Equation (24) with respect to di and setting the
derivative to zero yields the following:

di ¼

PP
j¼1τi;k0ðjÞ ri;j − bi;k0ðjÞ

� �

PP
j¼1τi;k0ðjÞ

i¼ 1;…;M:

ð25Þ

As seen from Equation (25), bi,k0(j) and τi,k0(j) must be calcu-
lated to estimate di. The online method is employed because
the PDF changes at each time step. Further, the calculation of
di is not required because it is given by Equation (25).
Therefore, the online EM method is used regarding di as the
latent variable. Subsequently, the E‐step is represented as
follows:
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XP

j¼1
Edijri;j ;ΘðqÞ log p ri;j; dijΘ

� �� �

¼
XP

j¼1

1
2
logτi;k0ðjÞ −

1
2
log2π

�

−
1
2
τi;k0ðjÞ r2i;j þ E d2i jri;j;Θ

ðqÞ
h i

þ bi;k0ðjÞ2
�

− 2ri;jE dijri;j;ΘðqÞ
h i

þ 2E dijri;j;ΘðqÞ
h i

bi;k0ðjÞ

−2ri;jbi;k0ðjÞ
��

i¼ 1;…;M

ð26Þ

where Θ(q) denotes the bðqÞi;k0ðjÞ; τ
ðqÞ
i;k0ðjÞ

h iT
, the superscript (q)

denotes the iteration number, E dijri;j;ΘðqÞ
� �

¼ ri;j − bðqÞi;k0ðjÞ

and E d2i jri;j;Θ
ðqÞ

h i
¼ ri;j − bðqÞi;k0ðjÞ
� �2

þ 1
τðqÞ
i;k0ðjÞ

. Here, E [di|ri,j,

Θ(q)] and E d2i jri;j;Θ
ðqÞ

h i
are derived assuming the Jeffreys

prior for di because no information exists regarding di.
Differentiating (26) with respect to bi,k0(j), τi,k0(j) and setting the
derivative to zero yield the following solution:

bi;k0ðjÞ ¼max ri;j − E dijri;j;ΘðqÞ
h i

; 0
n o

ð27Þ

τi;k0ðjÞ ¼
1
A

ð28Þ

A¼ r2i;j þ E d2i jri;j;Θ
ðqÞ

h i
þ b2i;k0ðjÞ − 2ri;jE dijri;j;ΘðqÞ

h i

þ 2E dijri;j;ΘðqÞ
h i

bi;k0ðjÞ − 2ri;jbi;k0ðjÞ

ð29Þ

j ¼ 1;…;P; i¼ 1;…;M:

After estimating τi,k0(j) and bi,k0(j), they are substituted into (25) to
compute di. Subsequently, di is inserted into (8) to discriminate
inliers and outliers. Then, the MLE for the samples predicted as
inliers is calculated usingEquation (10) and then the transformed
distance estimate is computed using Equation (9). Finally, the
position of the emitter is calculated using Equations (11)‐(16). In
Appendix B, theMSEs of the range estimate of theOMMS‐WLS
andOEMS‐WLS algorithms are shown to be smaller than that of
the GMMS‐WLS method. These lower MSEs of the distance
estimates of the online methods render the overall positioning
MSEs of the online methods smaller than that of the GMMS‐
WLS method. This is because di is more accurately estimated
in the statistical testing step (8) considering that the remaining

procedures are the same. As a result, the inliers and outliers are
discriminated more accurately.

Remark 2. The convergence property of the online EM
method is described in Refs. [44–46]. The online EM method
converges to the stationary point when the signal is indepen-
dent [44]. In Refs. [45, 46], a similar methodology is employed
for hidden Markov models (HMM) with discrete hidden data
and observations and this approach is extended to incorporate
continuous observations in conjunction with discrete HMM.
Moreover, Ref. [47] presents an expansion of the methodology
to encompass a broader state‐space model utilising sequential
Monte‐Carlo techniques. Further, almost sure convergence of
the online MLE to the stationary points of the asymptotic
likelihood is proven by assuming regularity results in a Poisson
equation and ergodicity of the system [48–50]. A compre-
hensive theoretical investigation of the online MLE for HMM
is presented in Ref. [51]. This analysis covers various aspects,
including the rate of convergence of the algorithm.

4 | PERFORMANCE ANALYSIS

4.1 | MSE analysis

This section presents the comparison between the perfor-
mance of the proposed CMS‐WLS and existing CS‐WLS al-
gorithms in terms of MSE. First, the general form for the MSE
of the localisation algorithm is derived as follows:

E x̂f − xÞT x̂f − x
� �� i

¼ E μb;1 − bo
� �TBTB μb;1 − bo

� �h ih

ð30Þ

¼ tr BE μb;1 − bo
� �

μb;1 − bo
� �T

ÞBT
h i� �

ð31Þ

¼ tr BFBT� �
ð32Þ

¼ tr FBTB
� �

ð33Þ

¼ tr FB0ð Þ ð34Þ

¼
XM

i¼1

XM

l¼1

½F�i;l B
0½ �l;i ð35Þ

¼
XM

i¼1
½F�i;i B

0½ �i;i þ
X

l≠i
½F�i;l B

0½ �l;i

 !

ð36Þ

¼
XM

i¼1
½F�i;i B

0½ �i;i þ
XM

i¼1

X

l≠i
½F�i;l B

0½ �l;i ð37Þ

≃
XM

i¼1
½F�i;i B

0½ �i;i ð38Þ
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where B¼ G ATC−1
μb;1A

� �−1
ATC−1

μb;1 , B0 = BTB,

G¼D−1
2 HTCbh

−1H
� �−1

HTCbh
−1D1, D1 = diag [2x 2y 1],

D2 = 2diag [x y], F¼ E μb;1 − bo
� �

μb;1 − bo
� �T

Þ
h i

and

bo ¼ bo1;…; boM
� �T , where boi denotes the true value of bi (i = 1,

…,M) [F]i,l denotes the (i,l)th component of the square matrix F
and tr (⋅) denotes the trace of the square matrix. The magnitude
of boi is assumed to be sufficiently larger than σ2

1 in the derivation
of Equation (38) (i.e [F]i,l ≃ 0 because E μbi;1

� �
≃ boi in the suf-

ficiently high SNR condition). Furthermore, B0CMS½ �i;i and
B0CS½ �i;i are identical when C

CMS
μb;1 and CCS

μb;1 are the same, where

B0CMS½ �i;i and B0CS½ �i;i are [B
0]i,i of the CMS‐WLS and existing

CS‐WLS methods, respectively. Unless otherwise stated, the
aforementioned notation is used hereafter. As seen from Ap-
pendix A, CCMS

μb;1 ¼ CCS
μb;1 with the following form:

CCMS
μb;1

h i

i;j
¼ CCS

μb;1

h i

i;j
¼

d2i σ2
1

PLOS
þ

σ4
1

2P3LOS
; if i¼ j

0; if i ≠ j:

8
>><

>>:

ð39Þ

Then, [F]i,i is proportional to the MSE of x̂f . Therefore,
½F�CMS

i;i and ½F�CSi;i can be used to prove that the MSE of x̂CMS
f is

smaller than that of x̂CS
f . FCMS½ �i;i and FCS½ �i;i are calculated as

follows (details are shown in Appendix A):

FCMS� �

i;i ¼
σ4
1

4P2LOS|fflffl{zfflffl}
squared estimation bias

þ
d2i σ2

1

PLOS
þ

σ4
1

2P3
LOS|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}

error variance

ð40Þ

FCS� �

i;i ¼
σ4
1

4|{z}
squared estimation bias

þ
d2i σ2

1

PLOS
þ

σ4
1

2P3LOS|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
error variance

: ð41Þ

Clearly, FCMS½ �i;i is smaller than FCS½ �i;i because PLOS generally
exceeds 1. Therefore, the MSE of the proposed CMS‐WLS
method is smaller than that of the existing CS‐WLS method
because the squared estimation bias of FCMS½ �i;i is smaller than
that of FCS½ �i;i.

4.2 | Initialisation strategy

The distance estimate is initialised to the sample mean of ri,j
(i = 1,⋯ ,M, j = 1,⋯ ,P) when the OMMS‐WLS and OEMS‐
WLS algorithms are used. Furthermore, the precision estimate
is initially set to the inverse of the sample variance of ri,j.

5 | SIMULATION RESULTS

This section presents the comparison of the accuracies of the
proposed modified skipped filter WLS methods with those of
the CS‐WLS method [15, 16], adaptive MCC (AMCC)

extended Kalman filter (EKF) [28], statistical similarity mea-
sure (SSM)‐based Kalman filter [32], and GMMS‐WLS method
[52]. The RMSE for assessing the accuracy of the localization
algorithms is defined as follows:

RMSE ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P10

i¼1
P300

k¼1 bxkðiÞ − xðiÞ
� �2

þ bykðiÞ − yðiÞ
� �2

� �

10� 300

v
u
u
u
t

ð42Þ

where bxkðiÞ;bykðiÞ
h iT

represents the Cartesian coordinates of

the point target node in the ith position set and kth iteration.
Additionally, x(i) and y(i) indicate real position coordinates of
the emitter at the ith position. Figure 1 illustrates the
arrangement of the tested sources and sensors, depicted as
asterisks and circles, respectively. As shown in Figure 1 emitters
are tested; however, note that this simulation is for a single
emitter localisation.

Figure 2 illustrates the RMSEs as a function of the stan-
dard deviation of the LOS noise for different number of LOS/
NLOS mixture sensors. In Figure 2a, sensors 5, 6, and 7 were
considered as LOS/NLOS mixture sensors, while the
remaining sensors were LOS sensors. Similarly, in Figure 2b,
sensors 4, 5, 6, and 7 were LOS/NLOS mixture sensors, and in
Figure 2c, sensors 3, 4, 5, 6, and 7 were LOS/NLOS mixture
sensors. As demonstrated in Figure 2a‐c, the RMSEs for all
localisation techniques increased as the standard deviation of
the LOS noise increased. It is worth noting that at low noise
levels, the RMSEs of the proposed methods approached the
CRLB. Under the mixture density assumption, the integration
in the computation of Fisher information is hard to evaluate
analytically. Therefore, we used the Monte‐Carlo integration to
compute the Fisher information matrix [23]. In addition, the
proposed CMS‐WLS algorithm outperformed the existing CS‐

F I GURE 1 The deployment of sensors and sources, where sensors are
represented by white circles and sources are denoted by asterisks.
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WLS approach throughout all noise levels. This observation
can be explained by Equations (40) and (41); that is, the
squared estimation bias of the CMS‐WLS method is smaller
than that of the existing CS‐WLS method. This renders the
MSE of the proposed CMS‐WLS method smaller than that of
the existing CS‐WLS method. Moreover, the OEMS‐WLS
method became more superior to the GMMS‐WLS algo-
rithm as the standard deviation of LOS noise increased.
Further, the MSE of the OMMS‐WLS algorithm was lower
than that of OEMS‐WLS algorithm and the MSE difference
between the two algorithms increased as the standard deviation
of measurement noise increased. Although the CMS‐WLS
method was moderately degraded compared with the
OMMS‐WLS and OEMS‐WLS algorithms, it has no diver-
gence and initialisation problems. Moreover, its computational
complexity is lower than that of the counterparts.

Sensors four to seven were considered as LOS/NLOS
mixture sensors in Figures 3–5. The RMSEs were shown in
Figure 3 as a function of sample size. The accuracy of the
proposed methods was higher than that of the other methods,
as shown in Figure 3. As the sample size increased, all of the
robust approaches improved in performance. The RMSEs of
the proposed methods approached the CRLB as the sample
size increased. The difference in MSE between the OEMS‐
WLS and GMMS‐WLS algorithms increased with the sample
size. The aforementioned observation can be explained in the
following manner. When the sample size (P) increases, PLOS

would increase with the contamination ratio fixed. Then,
FOMMS½ �i;i and FOEMS½ �i;i would decrease more rapidly than
FGMMS½ �i;i when the sample size increases, as indicated by
Equations (40) and (41)

Figure 4 illustrates the relationship between the contami-
nation ratio and the RMSEs, indicating that the proposed
techniques showed relatively consistent RMSEs across
different contamination ratios except for a contamination ratio
of 1. When the contamination ratio surpassed 0.5, all of the
SSM, AMCC EKF, and skipped filter WLS techniques expe-
rienced noticeable increments in their RMSEs.

Next, the robustness of the proposed approaches against the
NLOS noise modelling mismatch was examined. Despite the
formulation of the two‐mode GMM in this study, accurately
capturing the NLOS error distribution is challenging, leading to
potential modellingmismatches. Different noise models, such as
the Gaussian‐uniform mixture distribution [53, 54], and
Gaussian‐exponential mixture distribution [55], were considered
to evaluate the effectiveness of the proposed algorithms under
various NLOS error distributions. Simulation results presented
in Figure 5(a),(b) demonstrated that the proposed approaches
consistently achieved lower RMSEs compared to conventional
methods, even in cases involving the Gaussian‐uniform mixture
distribution U[0 m, 5 m] and the Gaussian‐exponential mixture
distribution with a rate parameter of 1

4.
The RMSEs of di in Equation (8) were depicted in Figure 6

as a function of the number of iterations. The RMSEs of the

F I GURE 2 RMSEs of the robust localisation techniques for different
levels of LOS noise standard deviation and varying number of the LOS/
NLOS mixture sensors. (a) LOS/NLOS mixture sensors: 5, 6 and 7.
(b) LOS/NLOS mixture sensors: 4, 5, 6 and 7. (c) LOS/NLOS mixture
sensors: 3, 4, 5, 6 and 7.
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proposed online techniques diminished as the number of it-
erations increased. In addition, the RMSEs of both online
methods were lower than that of the existing GMMS‐WLS
algorithm. Therefore, the overall positioning MSEs of the
OMMS‐WLS and OEMS‐WLS methods were lower than that
of other methods because inliers and outliers would be iden-
tified more accurately. Furthermore, the RMSE of the OMMS‐
WLS method converged more rapidly to the stationary state
than that of the OEMS‐WLS method; however, the RMSEs of
both algorithms were similar in the final iteration step.
Although the RMSE of the CMS‐WLS method was slightly
higher than that of the existing GMMS‐WLS method, the
former has the advantage of being the closed‐form algorithm.

The mean square bias (MSB) of the localisation methods
was illustrated in Figure 7 as a function of the standard devi-
ation of LOS noise. The MSB is defined as follows:

MSB ¼

P10
i¼1

P300

k¼1
bx
k
ðiÞ

300 − xðiÞ

� �2

þ
P300

k¼1
by
k
ðiÞ

300 − yðiÞ

� �2
( )

10
:

ð43Þ

As expected, the MSB of the CS‐WLS method was higher than
that of the CMS‐WLS method. In addition, the MSBs of the

OMMS‐WLS and OEMS‐WLS algorithms were the lowest
among the localization algorithms and this low MSB renders
the overall positioning RMSEs of the online methods lower
than those of the other algorithms. However, the MSB of the
CMS‐WLS method exceeded those of the online methods. The
extra bias‐reduction method may be used by subtracting the
mean of squared error terms from μCMS

bi;1
to lower the MSB.

Furthermore, the RMSE of the OMMS‐WLS method was
slightly lower than that of the OEMS‐WLS algorithm when the

F I GURE 3 RMSEs of various robust localisation methods evaluated
across different observation length (σ2: 3.5 m, σ1: 1 m, ν = 0.4).

F I GURE 4 RMSEs of various robust localisation methods evaluated
across different contamination ratios (ν) (σ2: 3.5 m, σ1: 1 m).

F I GURE 5 RMSEs of various robust localisation techniques as a
function of standard deviation of LOS noise assessed for different NLOS
error distributions. (a) Gaussian‐uniform mixture distribution, NLOS
measurement bias: U[0 m, 5 m], ν = 0.4. (b) Gaussian‐exponential mixture
distribution, NLOS measurement bias: Exp 1

4

� �
, ν = 0.4.
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prior for the range is not known. The OEMS‐WLS method
may be superior to the OMMS‐WLS method when the dis-
tribution of the prior for the range is known. However, the
range prior cannot be obtained easily and the convergence
speed of the EM algorithm is known to be slow. Therefore, it is
generally desirable to use the OMMS‐WLS method instead of
the OEMS‐WLS method.

6 | CONCLUSIONS

Modified skipped filter WLS methods were developed in this
study. The one is the CMS‐WLS method and others are the
OMMS‐WLS and OEMS‐WLS methods. The transformed
distance estimate was calculated using the invariance property
of the MLE. This technique renders the squared estimation
bias of the CMS‐WLS method smaller than that of the CS‐
WLS method in which the transformed distance estimate
was calculated using the sample mean. Furthermore, the
OMMS‐WLS and OEMS‐WLS algorithms did not require the
number of Gaussian components unlike the existing GMM
EM algorithm by assuming that one Gaussian component is
valid at each time instant. The MSE analysis for the CMS‐WLS
and existing CS‐WLS methods was performed and the MSE of

the CMS‐WLS method was proven to be lower than that of the
existing CS‐WLS algorithm. The simulation results showed the
superiority of the proposed methods over existing robust
localisation techniques in terms of RMSEs, across different
conditions. Subsequent studies will focus on the development
of robust localisation algorithm that utilises a single
observation.
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APPENDIX

A | Derivat ion of Equations (40) and (41)

F¼ E μb;1 − bo
� �

μb;1 − bo
� �T

Þ
h i

from the definition

of Equation (32). Then, ½F�i;i ¼ E μbi;1 − boi
� �2
h i

. That is, [F]i,i
denotes the MSE of μbi;1. The MSE is divided into the error
variance and squared estimation bias. That is,
½F�i;i ¼ Var μbi;1

� �
þ E μbi;1

� �
− boi

� �2. The FCMS½ �i;i is repre-
sented as the sum of error variance and squared estimation bias
as follows:

FCMS� �

i;i ¼ Var μCMS
bi;1

h i
þ E μCMS

bi;1

� �
− boi

� �2
ðA1Þ

First, Var μCMS
bi;1

h i
is obtained as follows:

Var μCMS
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h i

¼ Var
x2i þ y
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Next, the squared estimation bias of μCMS
bi;1

is obtained as
follows:
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Finally, FCMS½ �i;i is obtained as the sum of error variance and
squared estimation bias as follows:

FCMS� �

i;i ¼
d2i σ2

1

PLOS
þ

σ4
1

2P3LOS
þ

σ4
1

4P2
LOS

: ðA13Þ

In the same manner, FCS½ �i;i can be calculated.

B | MSEs of dOMMS
i and dOEMS

i using the
online methods and dGMMS

i using the exist ing
GMMS ‐WLS method
The error variance of the distance estimate of the OMMS‐
WLS method dOMMS

i

� �
is asymptotically equivalent to the

CRLB because the MLE is the asymptotically efficient (unbi-
ased and attaining the CRLB) estimator [42]. Then, the MSE of
dOMMS
i can be represented as follows:

MSE dOMMS
i

h i
≃ −

1
PP

j¼1E
∂2li;j
∂d2i

h i
ðA14Þ

¼
1

PP
j¼1τi;k0ðjÞ

ðA15Þ

¼
1

PLOS
σ2
1
þ PNLOS

σ2
2

ðA16Þ

¼
σ2
1

PLOS
−

PNLOS
σ2
2

PLOS
σ2
1

� �2
þ PNLOS

σ2
2

: ðA17Þ

where li,j in Equation (A14) denotes Equation (19).
Further, the error variance of the distance estimate of the

OEMS‐WLS method dOEMS
i

� �
is represented from Equa-

tion (25) as follows:

Var dOEMS
i

h i
¼ Var

PP
j¼1τi;j ri;j − bi;j

� �

PP
j¼1τi;j

" #

ðA18Þ

¼

PP
j¼1τ2i;jτ−1

i;j
PP

j¼1τi;j
� �2 ðA19Þ

¼
1

PP
j¼1τi;j

: ðA20Þ

The estimation bias of dOEMS
i can be shown to be equal to zero

with simple algebra. Therefore, the MSE of dOEMS
i is repre-

sented as follows:

MSE dOEMS
i

h i
¼

1
PP

j¼1τi;j
ðA21Þ

¼
1

PLOS
σ2
1
þ PNLOS

σ2
2

ðA22Þ

¼
σ2
1

PLOS
−

PNLOS
σ2
2

PLOS
σ2
1

� �2
þ PNLOS

σ2
2

: ðA23Þ

Note that MSE dOMMS
i

h i
and MSE dOEMS

i

h i
are the same.

Meanwhile, the MSE of dGMMS
i is obtained as follows:

MSE dGMMS
i

h i
¼ Var

PP
j¼1γi;jri;j
PP

j¼1γi;j

" #

þ E

PP
j¼1γi;jri;j
PP

j¼1γi;j

" #

− di

 !2
ðA24Þ

where γi,j denotes the posterior probability (responsibility) used
in the existing GMM EM algorithm [52]. Then, the property
that γi,j ≃ 0 when ri,j belongs to the outlier and γi,j ≃ 1 when ri,j
belongs to the inlier is utilised. Subsequently, the MSE dGMMS

i

h i

is represented as follows:

MSE dGMMS
i

h i
≃

σ2
1

PLOS
: ðA25Þ

Therefore, the MSE dOMMS
i

h i
and MSE dOEMS

i

h i
are smaller

than MSE dGMMS
i

h i
.
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