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Abstract 

Most manufacturing industries produce products through a series of sequential stages, known as a multistage process. In a 
multistage process, each stage is affected by its preceding stage, at the same time, it affects its following stage. Also, each stage 
often includes several response variables to be optimized. In this paper, we attempt to optimize the several response variables of 
the multistage process simultaneously considering the relationships among the stages. For this purpose, we use a particular data 
mining method, called a patient rule induction method. Because the relationships among the stages are often complicated, using a 
data mining method is a good approach for analyzing the relationships. According to the procedure of the patient rule induction 
method, the proposed method searches for an optimal setting of input variables directly from operational data at which mean and 
variance of the several response variables of the multistage process are optimized. The proposed method is explained by a step-by-
step procedure using a steel manufacturing process example. 
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1. Introduction 

Response surface methodology (RSM) studies the relationship between a response variable (i.e., quality 
characteristic) and input variables (product or process variables) expected to influence the response. Its eventual 
purpose is to find a setting of input variables which optimize the response [1]. 

In most cases, considering several response variables is a common event in product and process development 
process. This kind of problem is called a multiresponse problem. A typical approach for solving the multiresponse 
problems is constructing empirical models for the responses under the RSM framework. This approach is called as 
multiresponse surface optimization (MRSO). Experiments are conducted by choosing various levels of the input 
variables, running the experiments, collecting the resulting responses and fitting models to relate the responses and 
the input variables [2]. Then, the setting of the input variables is obtained by analyzing the fitted models. This approach 
heavily relies on the empirical models so it works well only when the empirical models are fitted reasonably well.  

However, it has been reported that the empirical models are often not fitted well to operational data from 
manufacturing lines whose volume is large [3]. Recently, many manufacturing companies can have the operational 
data from the manufacturing lines due to the development of information technologies such as IoT (internet of things) 
technology and big data analytics. When dealing with the operational data from manufacturing lines, a data mining 
approach is a good alternative. 

The operational data from the manufacturing lines are often gathered in a multistage process which is a common 
structure in manufacturing lines. Figure 1 shows a typical multistage manufacturing process consisting of K sequential 
stages. The rectangles and circles represent the stages and inspection stations, respectively. The response of a semi-
finished product is measured at the inspection stations after each stage. xk and yk are vectors of input variables and 
response variables, respectively, at the kth stage.  

 

 

Fig. 1. Diagram of a multistage manufacturing process with multiple response variables. 

The multistage process has two properties that are often encountered in practice. First, a result of the preceding 
stage affects the following stage. That is, the performance of Stage k is determined not only by xk, but also by yk-1. 
This relationship between stages is one of the most important characteristics of the multistage manufacturing process 
[4]. Secondly, it is common to have multiple responses at each stage which means that each stage has a multiresponse 
problem. The multiresponse problems in multistage process are not separated problems but related as mentioned in 
the first property. In such a case, the multiresponse problems should be solved simultaneously considering 
relationships between the stages. A large volume of process operational data is useful for solving the multiresponse 
problem of the multistage process, thus, using data mining technique is good approach for optimizing the 
multiresponse problem in multistage process. 

One attractive data mining approach to process optimization is using a patient rule induction method (PRIM) [5]. 
PRIM searches a set of subregions of the input variable space for which the performance of the response is considerably 
better than that of the entire input domain [6]. In this paper, we propose a PRIM-based approach for solving the 
multiresponse problem in the multistage process. The proposed method attempts to optimize both of mean and variance 
of multiple responses in multistage process. Most of the existing multiresponse optimization methods assume that the 
variability of response is stable; thus, they focus mainly on the optimization of the mean of the multiresponse. 
However, this stable variability assumption often does not apply in most of practical situations; thus, the quality of the 
product or process can be severely damaged due to the high variability of multiple responses.  

The rest of this paper is organized as follows. In Section 2, PRIM is reviewed. In Section 3, the proposed method 
based on PRIM is presented and illustrated with a case study. In Section 4, concluding remarks are given.  
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2. Patient rule induction method 

The patient rule induction method (PRIM) has been successfully applied for process optimisation despite its recent 
emergence [3][4][6][7]. PRIM searches a set of subregions of the input variable space within which the performance 
of the response is considerably better than that of the entire input domain [6]. Here, a larger response is considered for 
illustration purposes. For the I input variables, x1, x2, …, xI, an I-dimensional box B is defined as the product: 
 

� = �� × �� × ⋯× �� × ⋯× ��. 
 
Here, �� is a sub-range of the ith input variable xi, denoted by �� = (��, ��), where �� and �� are the lower and upper 
limits, respectively. 

Suppose that we have N observations denoted by {(yn, xn), n = 1, 2, …, N}, where yn and xn are values of the 
response and the input variables of the nth observation, respectively. xn is an I-dimensional vector denoted by xn = 
(xn1, xn2, …, xnI). When xn is located in box B (i.e., �� ≤ ��� ≤ ��, �� ≤ ��� ≤ ��, … , �� ≤ ��� ≤ ��), it is denoted by 
x� ∈ �. 

Given a box B and observations {(yn, xn), n = 1, 2, …, N}, there are two statistics that describe the properties of box 
B. The first one is the support ��, which denotes the proportion of the observations located in box B. 

 

�� =
��
�
, 

 
where �� denotes the number of observations that are located inside box B. The second statistic is the box objective 
����, which is the mean value of the responses in box B. 
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The procedure for PRIM is presented below. Given observations {(yn, xn), n = 1, 2, …, N}, an initial box �� is 

formed by defining �� = min
���,�,…,�

��� and �� = max
���,�,…,�

���  for i = 1, 2, …, I. From ��, 2I candidate boxes, denoted 

by {C01-, C01+, C02-, C02+, …, C0i-, C0i+, …, C0I-, C0I+}, are created. The candidate boxes C0i- and C0i+, where i = 1, 2, 
…, I, are obtained by peeling 100α% of the observations in box �� with respect to xi. The parameter � determines the 
peeling rate, and its value is typically set between 0.05 and 0.1. 

Once the 2I candidate boxes are obtained, PRIM chooses the one that has the largest box objective among the 
candidate boxes; this box becomes �� . If the support of ��  is greater than a stopping parameter �� , then PRIM 
generates the next box ��. This iterative process continues until the support of the box is less than the predetermined 
value, ��. 

3. The proposed method with a case study 

3.1.  Procedure of the proposed method 

The proposed method, which we refer to as a robust multistage multiresponse PRIM (multistage MR-PRIM), is 
presented. The proposed method attempts to minimize “variability” of the response variables of the multistage process, 
thus, we call the proposed method “robust” multistage MR –PRIM. We assume that there are K stages (k = 1,2,…,K), 
all of which need to be optimised. For the kth stage, there are Ik input variables, denoted by ���, ���, … , ���, … , ���� 

and there are Jk response variables, denoted by ���, ���, … , ���, … , ���� . Figure 2 shows the five-step procedure of the 

proposed method. Steps 3 and 4 iterate until the stopping criterion is satisfied. The details of each step are described 
below. 
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Fig. 2. Procedure of the proposed method 

In Step 1, the entire dataset for K sequential stages are prepared. Suppose that we have N observations denoted by 
{(xnki, ynkj) for n = 1, 2, …, N; k = 1, 2, …, K; i = 1, 2, …, Ik; j = 1, 2, …, Jk}, where xnki is the value of the ith input 
variable at the kth stage of the nth observation. Similarly, ynkj is the value of the jth response variable at the kth stage 
of the nth observation. In Step 2, the dataset is split into learning and test sets for cross validation. The learning data 
set is used for Steps 3 and 4 to obtain the optimal condition for the input variables. The test et is used for Step 5 for 
the cross validation. In step 3, the kth stage is optimized by using a modified PRIM. This step begins with the final 
stage (i.e., k = K) and then the procedure continuous backward to the first stage sequentially. The modified PRIM 
consider variability of the response variables by defining the box objective as follows. 

 

����� = (���� × ���� × ⋯× �����
× ���� × ���� × ⋯× �����

)
�

���                                           (1) 

 
����� is the box objective of the kth stage and it is a geometric mean of 2Jk desirability function values. The 

desirability function can be viewed as a utility function, and it ranges from 0 to 1. When a response variable achieves 
a target value, the desirability function value becomes 1, and the desirability function value decreases as the response 
variable deviates from the target value. ���’s and ���’s represent the desirability function values with respect to mean 

and standard deviation of the Jk responses at the kth stage, respectively. 
In Step 4, filtered data are prepared to optimise Stage k-1. It should be noted that the filtering criteria come from 

the optimisation results for Stage k. Because Stage k-1 is optimised based on the filtered data, the optimisation results 
for Stage k are ensured. Steps 3 and 4 are repeated until k = 1. In Step 5, to avoid over-fitting problems, cross validation 
is conducted. The box objective obtained from the learning dataset is recalculated with the test dataset 

3.2.  Optimisation of the steel manufacturing process problem 

The proposed method is illustrated by an example, specifically the steel manufacturing process problem. The steel 
manufacturing process consists of four stages to produce reinforcing bars. The scope of this case study, shown as the 
dotted box in Figure 3, is limited to the steel making and continuous casting stages (i.e., a two-stage process). 

 

 

Fig 3. Steel manufacturing process in the case study. 
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In Stage 1, the iron scraps are melted to create molten iron. In the following Stage 2, the molten iron takes a solid 
shape, referred to as billets. The response variables of Stage 1 are the operating time (y1,1, min) and molten iron 
temperature (y1,2, ℃). The operating time is a smaller-the-better (STB) type variable and the molten iron temperature 
is a nominal-the-better (NTB) type variable. If the molten iron temperature is too high or too low, the equipment can 
be damaged or billets are solidified prematurely. Thus, it is important to meet the target of the temperature. The target 
value of y1,2 is 1580℃. 

The response variables of Stage 2 are the return rate (y2,1, %) and tensile strength (y2,2, MPa). The return rate and 
tensile strength are larger-the-better (LTB) type variables. The return rate, an important performance measure in the 
steel industry, is defined as the ratio of the amount of iron scraps used in the steel-making stage to the number of 
billets produced in the continuous casting stage [4]. As illustrated with Figure 3, the number of input variables for 
each stage is 13 and 11, respectively. The purpose of this case study is to simultaneously optimise the means of 
multiple responses for each stage, while optimally screening that of the preceding stages. Each step is illustrated as 
follows. 

 Step 1. Prepare the data 
We have a total of 5609 operational data denoted by {(xnki, ynkj) for n = 1, 2, …, 5609; k = 1, 2; i = 1, 2, …, Ik; j = 

1, 2, …, Jk}. Here, the numbers of input variables of the first and second stages, denoted by I1 and I2, are 13 and 11, 
respectively. The numbers of response variables of the first and second stages, denoted by J1 and J2, are two for both, 
as shown in Figure 3.  

 Step 2. Split the data 
We randomly split the entire data into learning and test sets with a ratio of 2:1. Table 1 shows the subranges of 

input variables in Stage 2 which are obtained from the learning dataset. Note that the two response variables of Stage 
1, y1,1 and y1,2 are treated as input variables in Stage 2. 

Table 1. Sub-ranges of input variables for optimizing Stage 2. 

 y1,1 y1,2 x2,1 x2,2 x2,3 x2,4 x2,5 x2,6 x2,7 x2,8 x2,9 x2,10 x2,11 

Lower 36 1447 1 13 1200 0 0 0 0 0 0 0 11 

Upper 426 1666 264 121 12100 600 500 1425 25 270 120 89 163 

 Step 3. Optimise the kth stage 
Since there are two stages in this example, the stage iteration counter k is set as k=2. Then, the optimisation 

procedure for Stage 2 is performed with the learning set only. We set the initial parameters � = 0.05 and �� = 0.05, 
which are typical values. Because K = 2, two box objective functions for Stages 1 and 2 are defined as follows.  
 

����� = ����� × ���� × ���� × �����
�
�, 

����� = (���� × ���� × ���� × ����)
�
�. 

 
Table 2 summarises the results of optimisation for Stage 2. Some of the optimum conditions for variables are not 

peeled off, which are denoted by N/A. As can be seen in Table 2, the results indicate that the optimum conditions are 
significantly tighter than the current level of sub-ranges shown in Table 1. 

Table 2. Optimal box input variables for optimizing Stage 2. 

 y1,1 y1,2 x2,1 x2,2 x2,3 x2,4 x2,5 x2,6 x2,7 x2,8 x2,9 x2,10 x2,11 

Lower 40 1554 3 22 2700 200 N/A 400 3 15 2 4 40 

Upper 46 1600 26 31 3700 295 0 1000 13 150 28 34 59 
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The optimal box given in Table 2 corresponds to an optimal setting of the input variables of Stage 2. We investigated 
process performance at this optimal box. The performance are shown as four indexes,  ���,�, ���,�, ���,�  and ���,�which 

are sample means and standard deviations of two responses at Stage 2, respectively. Samples satisfying the optimal 
box are participated in calculating the sample means and standard deviation. The last column of Table 3 reports the 
four statistics. Current case in Table 3 shows mean and standard deviation values before optimization. Compared to 
the current case, the proposed method improves all of the four performance indexes. 

Table 3. Result of optimization of Stage 2. 

 Current Existing method Proposed method 

���,� (LTB) 89.85 92.47 91.82 

���,� (LTB) 249.86 256.25 255.09 

���,� (STB) 5.91 4.56 4.11 

���,� (STB) 29.07 28.17 27.30 

 Step 4. Prepare the filtered data 
The dataset for optimizing Stage 1 is prepared by filtering data. The filtered data should meet the optimal conditions 

that were previously optimised in Step 3. More specifically, the data where y1,1 and y1,2 do not meet the optimal 
subranges obtained in Step 3 (i.e., [40, 46] for y1,1 and [1447, 1666] for y1,2) are excluded from the learning set. After 
the filtering process, the procedure goes back to Step 3 for optimizing Stage 1. 

 Step 5. Validate the optimal box by conducting cross-validation 
Cross-validation is conducted to investigate whether the optimal box is over-fitted. For this purpose, the box 

objective of the optimal box is recalculated using the test set, and then compared with the box objective value obtained 
from the learning set. We found that the box objective values obtained from the learning and test datasets are very 
similar and thus, we conclude that the obtained box is not over-fitted to the learning dataset. 

3.3. Comparison with other methods 

In the proposed method, we consider variability of the response variables as well as mean of the response variables. 
In this regard, we call the proposed method as “robust” multistage MR-PRIM. As mentioned in Section 1, ensuring 
stable variability of the response variables is important the quality of the product or process can be severely damaged 
due to the high variability of response variables. In this section, we compare the proposed method with existing PRIM 
called multistage MR-PRIM. Main difference between the existing method and the proposed method is that the existing 
methods does not consider the variability perspective. The existing multistage MR-PRIM uses desirability functions 
as the box objective as follows. 

����� = (���� × ���� × ⋯× �����
)
�
�� 

 
When compared to Equation (1), the box objective function of the existing multistage MR-PRIM does not include 

desirability functions for standard deviation of the response variables. The last two columns of Table 3 compares mean 
and standard deviation values between the proposed method and the existing multistage MR-PRIM method. The 
proposed method shows better standard deviation values (i.e., lower values for the standard deviation) than the existing 
multistage MR-PRIM while mean of the two response variables are slightly worse than the existing multistage MR-
PRIM. This means that the proposed method improves the standard deviation of the two responses while it sacrifices 
the mean of the two responses compared to the existing method.  

  Similar to Table 3, Table 4 compares mean and standard deviation values between the proposed method and the 
existing method. As expected, both of the existing and proposed methods shows better results than the current case. 
The proposed method shows better values for ���,�, ���,�  and ���,�  than the existing method. This means that  the 

proposed method improves the three index (i.e., ���,�, ���,� and ���,�) by sacrificing only one index (i.e., ���,�) compared 

to the existing method. 
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Table 4. Result of optimization of Stage 1. 

 Current Existing method Proposed method 

���,� (STB) 46.56 41.91 41.72 

���,� (NTB) 1575.64 1579.83 1576.34 

���,� (STB) 15.26 1.56 1.37 

���,� (STB) 15.31 11.10 10.56 

4. Concluding remarks 

Most manufacturing industries produce products through a series of sequential stages. This is called a multistage 
manufacturing process. Contrary to RSM based MRSO approaches, the proposed method does not build the empirical 
models. Instead, it directly searches the optimal setting of the input variables by gradually peeling a large volume of 
operational data. Thus, it is free from the modeling issues such as low capability of the empirical models, model 
uncertainty, prediction variability and so on.  

In this paper, we focused on the characteristics for the multistage manufacturing process as follows. First, the 
results of the preceding stage affect the following stage. Second, it is common to have multiple responses at each 
stage. Thus, it is important to simultaneously optimize the multiresponse of the multistage process in practice. In this 
paper, we proposed a robust multistage MR-PRIM, which attempts to optimize the mean and variability of the multiple 
responses of a multistage manufacturing process, and showed its performance with a case example. In the case study, 
the proposed method showed an improved performance compared to the performance at current operating condition 
as shown in Tables 3 and 4. Especially, the proposed method reduced the variability (i.e., standard deviation) for the 
two response variables compared to the existing multistage MR-PRIM. 
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