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Abstract Unsteady natural convection flow of viscous fluids in a circular cylinder, due to a gener-
alized fractional thermal transport is analytically studied. The considered mathematical model is
based on a new fractional differential constitutive equation of the thermal flux suitable to describe
the thermal memory effects. To develop the mathematical model, the time-fractional Caputo-
Fabrizio derivative is used. The generalized constitutive equation becomes equivalent to the classi-

cal Fourier’s law for the zero value of the fractional order of derivative. Analytical solutions for the
fluid temperature and velocity are determined using the Laplace and finite Hankel transforms. The
influence of the memory parameter on heat transfer and fluid motion is discussed by numerical sim-
ulations and graphical illustrations.
© 2022 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).

1. Introduction

The phenomena of free convective fluid flow through cylinders
have grabbed the attention of researchers because of their engi-
neering, industrial, and geophysical applications. The applica-
tions of the convective flows include thermal insulation,
nuclear reactors, drying processes, chemical reactors, heat
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exchangers, petroleum industries, artificial dialysis, cosmetics,
etc.

The influence of the heat source or sink on the convective
flow is intensively investigated owing to its utilization in many
real-world problems such as the heat transfer control in the
internal combustion processes or during exothermic and
endothermic chemical reactions.

Dwivedi and Singh [1,2] carried out analytical studies of
hydro-magnetic free convective flows of an electrically con-
ducting, viscous fluid through an impermeable vertical cylin-
drical/rectangular channel with a point/line heat source
under the influence of a uniform magnetic field acting perpen-
dicular to the flow direction. The mixed convective steady
flows of electrically conducting liquids in a vertical channel
with an internal heat source/sink by considering asymmetric
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and symmetric wall heating have been studied by Umavathi
and Liu [3]. Natural convective flows of Newtonian fluids
inside a circular cylinder under influence of the generalized
heat transfer have been investigated by Ahmed et al [4].

Effects of viscous and Ohmic dissipation have been consid-
ered in their study in addition to the internal heat generation
or absorption. Ramandevi et al. [5] have studied the influence
of the non-uniform heat source/sink and viscous dissipation on
the non-Newtonian hydromagnetic fluid flow over a stretching
surface using the Cattaneo—Christov mathematical model of
the thermal flux. A numerical study on natural convective
flows in a cylindrical container with different heatings on the
surface has been carried out by Nunez [6]. The obtained results
show the possibility of obtaining different flow solutions such
as steady axisymmetric, steady non-axisymmetric, time-
dependent pulsating wave solutions, and other flow states with
a variety of spatiotemporal symmetries.

Laidoudi and Ameur [7] studied the natural convective flow
of a Newtonian fluid in a circular enclosure that contains three
equal-sized cylinders in a tandem arrangement such that the
outer cylinder has a cold surface and the enclosure internals
have hot surfaces.

During the last period, the methodologies and tools for
experimental measuring reached a high level of precision; as
a consequence, the experimental measurements revealed that
in some thermal processes appear serious anomalies between
theoretical and experimental results. For example for the
non-Fourier heat conduction phenomena in a porous material
heated by a microsecond laser pulse, have been highlighted
many disagreements between the experimental results and
the theoretical analyses given by Cattaneo-type and Jeffreys-
type models [8].

To eliminate some shortcomings of classical mathematical
models, the researchers developed mathematical models suit-
able to describe as accurately as possible various complex
transport processes. Thus, mathematical models based on con-
stitutive equations with time-fractional derivatives have been
proposed. These models, depending on the used memory ker-
nel, are able to better describe some heat or mass transfer pro-
cesses [9-11]. Now, it is known that integrals and derivatives
non-integer order may have applications in describing complex
properties of materials such as non-locality, long-term mem-
ory, and fractality. Tarasov and Aifantis [12] elaborated an
extension of elasticity theory that describes elasticity of mate-
rials with fractional power-law non-locality described by Riesz
derivatives of fractional order. The mixed convection heat
transfer in nanofluid into fractional calculus approach over
an inclined vertical plate has been studied by Saqib et al.
[13]. The constitutive equations of the proposed mathematical
model are based on the time-fractional Atangana—Baleanu
fractional derivatives without a singular kernel with a strong
memory. Sarwar et al. [14] studied the transient convective
flow of Casson fluids over an oscillating vertical plate using
the generalized constitutive equations with time-fractional
Prabhakar derivatives. Analytical solutions to the proposed
problem are determined using the Laplace transform method.
Farooq et al. [15] have determined approximate analytical
solutions of fractional-order Navier—Stokes fluid model using
the Liouville—Caputo operator.

A generalized thermal and mass transport mathematical
model for the unsteady flows of incompressible differential
type fluids has been investigated by Razzaque et al. [16], by
using time-fractional Caputo—Fabrizio fractional derivative
with exponential-decay memory kernel. Baleanu et al. [17] pro-
vided an extension for the second-order differential equation
of a thermostat model to a fractional hybrid equation. They
have demonstrated the existence theorem of solutions for the
hybrid fractional thermostat equation and inclusion versions
applying the Dhage fixed point theorems.

A computational approach of the heat transfer in convec-
tive flows of a power law fluid enclosed in a isosceles triangular
cavity has been carried out by Shah et al. [18]. Bilal et al [19]
have numerically investigated non-isothermal flows of Wil-
liamson fluids over an exponential-stretched surface and ther-
mal process described by the Cattaneo-Christov heat flux
theory. Natural convective flows of a power-law liquid in a
square enclosure rooted with a T-shaped fin have been studied
by Bilal et al. [20]. The lower wall of the enclosure along with
the fin is uniformly heated, vertical walls are prescribed with
cold temperature and the upper boundary is thermally insu-
lated. Numerical solutions are determined using the finite ele-
ment software COMSOL. A fractional model of Brinkman
type fluid holding nanoparticles of titanium dioxide and silver
in water base fluid has been investigated by Ikram et al. [21]
using the time-fractional Caputo derivative.

Numerical solutions to a class of nonlinear variable-order
fractional reaction—diffusion equation with Mittag-Leffler ker-
nel have been obtained by Pandey and Gomez-Aguilar [22],
while Dwivedi et al. [23] caried out a numerical study of the
variable-order fractional reaction-advection—diffusion equa-
tion in a heterogeneous medium. The fractional differential
Ambartsumian equation, based on the modified Riemann—
Liouville fractional derivative has been studied by El-Zahar
et al. [24]. They determined solutions expressed as power ser-
ies. Other interesting generalized fractional thermal processes
have been studied by Abro et al. [25.26]. Kumar et al. [27]
developed an operational matrix method based on fractional-
order Lagrange polynomials to solve the non-local boundary
value problems of fractional order arising in chemical reactor
theory.

Ghanbari et al. [28] developed an analytical scheme to
determine wave solutions of a partial differential equation
involving a local fractional derivative by generalizing the pro-
cedure of generalized exponential rational function technique.
The physical effects of single-wall carbon nanotube on the free
convection slippage flow of fractional viscous fluids under
influence of the thermal radiation, heat generation, chemical
reaction, and of the Newtonian heating through a porous med-
ium have been investigated by Ahmad et al. [29]. The frac-
tional flow model of viscous fluid with single-wall carbon
nanotube was constructed by inserting the non-integer con-
stant proportional Caputo fractional derivative. Analytical
solutions of the problem have been determined using the
Laplace transform. Tassaddiq et al.[30] formulated and studied
a fractional mathematical model for flows of generalized Cas-
son fluids over a vertical plate with Newtonian heating. The
fractional equation of flow is based on the time-fractional
derivative with Mittag-Leffler kernel. Analytical solutions for
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the tempearture and velocity fields are obtained using Laplace
transform. Very interesting problems regarding the psi-Hilfer
fractional operator, the discrete proportional fractional opera-
tor, Caputo and Caputo-Fabrizio fractional operators have
been studied in references [31-37].

In this paper, the unsteady natural convection flow of a vis-
cous fluid in a circular cylinder, due to a generalized fractional
thermal transport is analytically studied. The considered math-
ematical model is based on a fractional constitutive equation
of the thermal flux suitable to describe the memory effects.
To develop the mathematical model, the time-fractional
Caputo-Fabrizio derivative is used. The generalized constitu-
tive equation becomes equivalent to the classical Fourier’s
law for the zero value of the fractional order of derivative.
The fractional mathematical model formulated in this paper
is new in the literature. Also, the symmetric form of the heat
source considered in the present paper represents a novelty
in the convective flows. Analytical solutions for the fluid tem-
perature and velocity are determined using the Laplace and
finite Hankel transforms. The influence of the memory param-
eter on heat transfer and fluid motion is discussed by numeri-
cal simulations and graphical illustrations generated by the
software Mathcad-15.

We underline the fact that the problem solved by us is inter-
esting and the obtained results could serve to verify the accu-
racy of numerical schemes developed for this problem. At
the same time, since the studied problem is linear, it might
not faithfully describe certain flows in which the convective
terms have a dominant role. For the future, we propose to
study nonlinear convective flows in which the heat transfer is
described by fractional differential equations.

The article is structured as follows: The formulation of the
classical problem and the generalized problem are presented in
Section 2. Section 3 is dedicated to the determination of the
analytical solutions of the temperature and velocity fields.
The numerical simulations and related discussions are given
in Section 4, and the conclusions in Section 5.

2. Statement of the problem

The transient, laminar free convection flow of viscous liquids
in an infinite vertical circular cylinder of radius R, in the pres-
ence of the axisymmetric heat source/ sink is considered. The
flow domain is referred to the cylindrical coordinate system
(0,7¢,, ¢,, ¢.) whose z-axis coincides to cylinder’s longitu-
dinal axis (Fig. 1). The cylindrical wall is assumed to be heated
at the temperature 7,(7), and the velocity and temperature
(r, 1),
- ~ ~ ~ L~ ~ o~
V= (V; =0,V =0,V. = u(r, t)), T=T(7). In these
assumptions, the continuity equation is identically satisfied.

We assume that the pressure gradient in the flow direction is
equal to zero and the heat/sink source is given by.

fields are functions of therefore,

3'(777) = go(Rz - ;2), 3'0 = const. (1)

The fluid movement is due to the buoyancy forces gener-
ated by the variation of the temperature in the mass of liquid.
Using the Boussinesq approximation and the above hypothe-
ses, the governing equations of the fluid flow and heat trans-
port are as [1,3,6].

3
AZ
Q R

/’O_ . ez

K
7
o o
X
Fig. 1 Flow geometry.

— the balance of linear momentum

~ o~ 0u(r, i)
T (1 8) = 97 3)

— the constitutive thermal flux equation (Fourier’s law)

G (o) = k210t
or

where, p is the fluid density, g is the gravitational acceleration,

()

p is the thermal expansion coefficient, T} is a reference temper-
ature, - ;(7, ;) is the shear stress, u is the fluid viscosity, ¢, is
the specific heat, 5;(?, 1 is the 7- component of the thermal flux
density vector, and k is the thermal conductivity of the fluid.

Along with Egs. (2)-(5), we consider the initial and bound-
ary conditions.
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4
u(7,0) =0, T(7,0) = Ty, 7 € [0, R] (6)
(R, 1)=0,1>0 (7)
T.(R, 1) = Ty + (T, — To) exp(—kot), 1> 0 ®)

Using the following dimensionless parameters and functions.

P g g Ri Ry oo Ton R
R 7 v w0 T %u ’ k(}w—;o) s (9)
Pr=t Gy =8k /?(Tu Ty) ko = _ RR Sy = &
k> . k(;—ni}u
Egs. (2)-(8) become
u(r, t) 1 o ‘
5 o (r(r, 1)) + Gro(r, 1) (10)
. Ou(r,)
T(r,t) = 5 an
() 109 i
Pr o ——;E(Fq(r,t))jLSo(l—r) (12)
a0(r, 1)
T 13
q(r,1) 5 (13)

The non-dimensional initial and boundary condition are as
follows

u(r,0) =0, 0(r,0) =0, r€[0,1] (14)

u(l,1) =0, 0(1,t) = exp(—kot), t >0 (15)
2.1. The generalized model of the thermal process

In the present paper we consider a generalized model for the
thermal flux considering a constitutive equation with the
time-fractional derivative proposed by Caputo and Fabrizio
[35,38]. First, let’s present the basic theoretical elements related
to the Caputo-Fabrizio derivative.

Let 7>0, I=10,7], and y:I— R. The function space

H'(I) is defined as H'(I)= {7|/( ) e Ly(I), %0 —

dt
7(t) € Ly(I), t € I}, where L,(I) ia the space of square inte-
grable functions on the interval 7.
Let “h(t,0) =L exp (£4), t = 0, o € [0, 1) be the expo-
nential kernel.

Definition 2.1.1. If y(¢) € H'(I) the Caputo-Fabrizio deriva-
tive of function yx(¢) is defined as  FDruy(t) =
CFh(t,a) * y(t), where the notation “x” denotes the convolu-
tion product.

The above relation can be written in the following equaiva-
lent forms:

i [ e ()0

e ()

D (1)

DYy (1)

The last relation highlights the non-local character of the
Caputo-Fabrizio derivative. Indeed, the value of the Caputo-
Fabrizio derivative of the function y(¢) at the moment 7 > 0
is determined not only by the value of the function of the func-
tion y at that moment but also by all the values of the function
x at the points of the interval (0, 7). So, the history of the func-
tion y influences the values of the Caputo-Fabrizio derivative;
in other words, the memory of the function y influences its
derivative. Also, it is important to note that unlike other frac-
tional derivatives such as the Riemann-Liouville derivative and
the Caputo derivative, the kernel of the Caputo-Fabrizio
derivative has no singularities.

Remark. For o =0, the Caputo Fabrizio derivative of func-
tion x(f) becomes CFDO fo —x(0). If
2(0) =0, we get "D fo 70

The Laplace transform of Caputo-Fabrizio derivative is

given by [39].

L{ DY)} = L{ h(t,0) % (1)} = L{ h(t, ) }L{3(1)} = HADAD,
where the Laplace transform of function y(z) is defined by
L{y(0)} = [;" x(t) exp(—st)dt.

In the following, we consider a generalized thermal trans-
port described by a new fractional constitutive equation of
the thermal flux, namely [9].

CFD?(‘?O((?’;’)),OCG [0,1) (16)

q(r,1) = —

where

Dr(m) = 1, exp (57
ds = ( exp( "’))> * i);(;g;’).

The Laplace transform of (17) is given by.

of o ()} = s b o0
(18)

(17)

It is easily observed that for o =0, from the generalized
equation (16) we recover classical Fourier’s law (13).

3. Exact analytical solution for the thermal transport

In this section we shall determine the analytical solution for
the energy equations for both fractional and classical constitu-
tive equation of the thermal flux.

3.1. Fluid temperature for the fractional constitutive equation

To obtain the analytical solution of the problem given by
equations (12) and (16) along with the initial condition (14),
and the boundary condition (15),, the Laplace transform and
finite Hankel transform are used. Applying the Laplace trans-
form to Egs. (12) and (16), using Eq. (18) and the initial con-
dition (14),, we obtain the transformed equations.

10

e ra9) + 1 Su(1 =) (19)

Prs é(r, s) = 3
r O
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7(.5) s 8@(1‘, s) (20) (;H(n s) = L n : 4 1(r)

ros) = — ) 3 n
ar (] —O()S+O( or S+k0 A

. . Jl (l‘n) An Bn Cn Dn
RePlacmg (20) in Eq. (19), we find that the Laplace trans- T G Tty ke 721 oPr+ (1 —a)sPr
form 0(r,s) of the temperature 0(r, ¢) has to satisfy the differ- (29)
ential equation.
_ where
n 10 89(}’75) 2 48y (1—0)r2 408 (1—a)k oPr(r2—4)+4(r2+oPr)—aPrr2
wi(s) 0(r,s) = For <"T +wa(s)(1 —77) (21) A, = m7 0= s Cn = T (o koPT ;
where D, = — r?‘,(lfo()Pr[r:;(r 112+9<Pr)22+4S0(1*1)(!’%+1Pr7(lfo¢)koPr)] )
(r nZ+mPr) [T%‘F‘IPI‘*(I*l)kUPr]
1 —o)s+a

wi(s) = Pr[(1 — a)s + o], wa(s) = so% (22) (30)

Applying the Laplace transform of the boundary condition
(15),, the following boundary condition for the transformed
function is obtained:
- 1
o(l,s) =

(L) =17 T

(23)

The finite Hankel transform of function g)(r,s) and its
inverse transform are defined as [40].

fo rerOH)dr

. (24)
O(r,s) =2 zl -’;%(Tyeﬁ(n,s),

where, r,, n=1,2,... are the positive roots of the equation
Jo(r) =0, J,(-) being the Bessel function of the first kind and
order n.

A straightforward calculus leads to the following relations:

)> rJo(rr,)dr=r,J(r,) é(l,s) - riéH(n,s)

/llg D0(r,s
o I Or "o

(25)

2 () (26)

n

/ (1= P =

To obtain equations (25) and (26), the following properties
of the Bessel functions were used [41]:

J 2 uea(2) = 2Ja(2) + C,

2 J(2)dz = zle( ) —22205(z) + C, 27)
Jnfl( )+Jn+l(z) :%']I1(Z)7

Jn—l(Z) - Jn+1(z) = 2']:1(2)7 neN.

Apllying the finite Hankel transform to Eq. (21), using Eqs.
(23), (25) and (26) we obtain.
- 4 4wy (s) (s + ko)

—_n 2

Onu(n,s) l,’31(s ko) (w1 (s) + rrzl) Ji(r) (28)

Now, we consider the auxiliary function f{(r) = r* whose
finite Hankel transform is given by
fun) =220(r), n=1,2,... .

The ﬁmte Hankel transform (28) is written in the following
equivalent form.

Applying the inverse Laplace transform and the inverse
Hankel transform to Eq. (29) we obtain the following expres-
sion for the temperature field:

0(r, 1) = r* exp(—kot) +2 z Zalrin)

721 ()
r%erPr
exp (_ (1—a)Pr [>] :

3.2. Fluid temperature for the classical law of Fourier

(1)

[4, + B,t+ C,exp(— kot)

As mentioned in Section 2.1, the classical case corresponding

to Fourier’s law for heat flux is obtained from the generalized

model for the zero value of the fractional parameter «. For

o = 0, coefficients in Eq. (3()) becomes.

Ay =15 B, = 0,C, =i,
[§-+450(2—koPr)|Pr

D, — Ll n
n r,zl (r?‘, —koPr) )

(32)

and the temperature field corresponding to classical Fourier’s
law is given by

6(}', l) =2 eXp( kol) +2 Z Jo(r r,l)

731 (rm)

4Sy | koPrra+4(ri—koPr) [' +4S0(r7 kuPr)} ”
[ﬁ%—i" 2 exp(—kot)— 7,"(,”%”) exp (—#1)].

12—koPr

3.3. Velocity field

This sections deals with finding the solutions of the fluid
motion equation along with the initial condition (14); and
the boundary condition (15);. Eliminating the shear stress
7(r,t) between Eqs. (10) and (I11) we find that the velocity
u(r,t) has to satisfy the following partial differential
equation:

2t () e "

Applying the Laplace transform and finite Hankel trans-
form to Eq. (34), using (14),, (15); and (25) we obtain the dou-
ble transformed velocity field.
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- _ Grn GrJi(ra)  ré+dw o (s)(s+ko) 3 T T
Un (I’l, S) - m GH(n’ S) ra( s+r,,l)(s+kg 24w (s) I l

_ Grli(n) [ +4(| ) So]s+4 S0 [(1=a)ko+a] +4xko S v
- oo $2(s+12) (s+hko)[(1—0) Prs+oPr+r2] (35) é
_ Grli(r) | My Py O Ry :

n [ + ++ st+ko + s+r2 + (1—c) Prs+a<Pr+;-:| -E
Ke)
where, g
«
R, 40€S0 (5%
M,=—|P, 7Nn = ) :
( O T cz)Pr) (2 1 aPr) 8
r g
Pn =72 ) - 3 Q
(r2 — ko) [r2 4+ oPr — (1 — o)koPr] =
0 — 1+ 480[(1 — a)r? — o] (2 — ko) T
"= (ke — )2 + oPr— (1 — a)2Pr]’ 5
_op2f o4 N 41— SoPra(1—w)ko] 4o(k(,So(l—az)zPr2} U

= (1 0() Pr {r” + 450(1 O() rp+aPr * (r2+aPr)’ ﬁ 1 1 . 1

[y + aPr — (1 — a)riPr[r} + oPr — (1 — a)ko Pr] % 02 04 06 08 o, 1

(36)

By inverting the integral transforms, we obtain the follow-

ing expression of the fluid velocity for the case of fractional
thermal constitutive equation:

u(r,t) =2 Z Gro( ”” [M, + N,t+ P, exp(—

()

kot) + Q, exp(—rin)+

r2+oPr
(I—o)Pr t>:| .

m eXp (
(37)

In the case o =0, corresponding to the classical Fourier
law, Eq. (37) becomees:

For Pr#1.
u(r,t) = 22
n=1
Grdo(rry) 5 2
AN [Mo, + Po, exp(—kot)+Q,, exp(—rit) + Ry, exp —oet)]
(38)
where,
I
Mo, = —=(Por+ Qoy +52), Pon = 2y (o om )
18+4S(r2—ko) R P22 4Sy) —4ko SyPr}
Qo = (1=Pr)r nd(k g—12 On = T (=P (2 —ko Pr)
For Pr=1.
T Fry 4
u(r,t) = 22 GsJJO1 o [4io I s exp(—kot)—
(40)

A8 (2—ko)

k 2f) — 154480 (12 —ko)
1 (ra—ko)

St texp (—rit)}.

exp(—

4. Numerical results and discussion

Natural convection flow of a viscous fluid, due to a generalized
fractional thermal transport, has been analytically studied. The
fluid flows within a circular cylinder whose surface has a tem-
perature that varies exponentially over time, namely
0(1,1) = exp(—kot), ko = 0.25. In the considered mathematical
model, the constitutive equation of the thermal flux is a frac-
tional differential equation based on the time-fractional
Caputo-Fabrizio derivative of the order o € [0,1). Note that
for o = 0, the generalized constitutive equation is equivalent
to the classical Fourier’s law.

The generalized constitutive equation (16) highlights that
the history of the temperature gradient influences the thermal

Fig. 2 The profiles of the Caputo-Fabrizio kernel hcr(o, 1)
versus fractional parameter o € [0, 1), for different values of time 7.

0.8 T T T T

o
=y
T
1

Temperature &(r,t)
o
e

r=0 .
— a=0.1
— a=05
0.2f N
— a=09
— a=00
1 | 1 1
00 1 2 3 4 t 5
Fig. 3 Time-variation of the non-dimensional temperature
0(r,1).

0.8

g
=

Temperature &(r,1)
=)
r

S
[
T

1 r -05 0 0.5 r 1

Fig. 4 Profiles of the non-dimensional temperature (r, f) versus
radial coordinate.
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7

flux, and therefore the heat transfer in the mass of fluid. From
definition of Caputo-Fabrizio fractional derivative, it is clearly
observed that history of the function %(7) on the interval [0, 7]]

1 6(r.0)
(r.9)€[0,1]x[0,10]
08 a=03
0.6

0.4

02 /
0 Gl !II////I//////I I i
PN I / i

04

0.6
08
1.0 p
Fig. 5 the non-dimensional temperature 0(r,t) for 60(r,t) for

(r,1) €[0,1] x [0,10] and o = 0.3.

o
o)
e

Temperature 6(r.7)
(]
(=

<
U

Temperature 6(r.7)

Fig. 6

influences the value of the fractional derivative at time ¢. Also,
the kernel of the fractional derivative has a significant influ-
ence, being the function that weights the values of the function
(7). Also, let’s note that lin”ll T exp (72) = 0,7 > 0, and for
2

large values of time ¢ “Fh(1,4) 22 0,0 € [0, 1). These properties
of the kernel Fh(t,a) of Caputo-Fabrizio derivative are high-
lighted by curves in Fig. 2. These curves show the variation of
the Caputo-Fabrizio kernel hcp(o, ¢) with the fractional param-
eter o € [0,1), for different values of time ¢. It is observed in
Fig. 2 that the fractional derivative kernel has significant influ-
ences for small values of the time t. In this case, the Caputo-
Fabrizio kernel attains a maximum value for a large value of
the fractional parameter. For larger values of the time t, the
influence of the weight function is significant only for low val-
ues of the.

fractional parameter. An important conclusion derived
from this discussion is that the considered model offers an
optimal heat transfer only for small values of the fractional
parameter.

Figs. 3-5 show the influence of the memory parameter o on
the temperature variation in the fluid mass. The time-variation
of the nondimensional temperature 0(r, 7) is presented in Fig. 3
in the central pozition of cylinder r = 0, for different values of
the fractional parameter a. In Fig. 4 are plotted the profiles of

a=0.10

0.9

Id
o
wn

Temperature 6(r.?)
o

11

Temperature 8(r,7)

1
0

The influence of heat source intensity Sy on the fluid temperature at small value of the time t.
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the non-dimensional temperature 0(r,¢) in the inner of the
cylindrical pipe. It is observed in these figures that the frac-
tional derivative has a significant influence on the fluid temper-
ature for small values of the memory parameter «. It is also
observed that the influence of the history of the temperature
gradient on the temperature is more accentuated for small val-
ues of time t. This behavior is in accordance with the evolution
in time of the Caputo-Fabrizio’s kernel discussed with the help
of Fig. 2. As expected, the temperature has symmetric distribu-
tion with respect to the longitudinal axis of the cylinder. Fig. 5
shows the time-spatial variation of the non-dimensional tem-
perature for (r,¢) € [0,1] x [0, 10]. In the previous discussions,
we showed that the thermal memory has a significant influence
on the thermal process only for small values of the fractional
parameter. For this reason, in the numerical data related to
Fig. 5, we would use the value o = 0.3 for the fractional
parameter. The previously discussed properties of the temper-
ature are easily observed in this figure.

The simultaneous influence of the heat source and the ther-
mal memory on the fluid temperature is analyzed in the graphs
in Fig. 6 for a small value of time ¢, and in Fig. 7 for a large
value of time 7. As expected, the increase in the values of the
intensity of the source of heat S, has the effect of increasing
the temperature of the fluid. For low values of the intensity
of the heat source, the external temperature of the cylinder is

0.9
< 08
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e
e
I
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=
& 1 1 1
oy 0.3 0 0.3
2.-’ T T T
t=10
SO=20
g =
Iy
&
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= __ a=090
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Fig. 8 The profiles of fluid velocity u(r, ) for different values of
the fractional parameter o and ¢ = 0.25.

dominant and as a result the temperature has higher values
near the cylindrical surface and lower values in the central area
of the cylinder. The temperature distribution changes its char-
acter for high values of the intensity of the heat source Sy.
Profiles of the non-dimensional fluid velocity u(r, ¢) versus
the radial coordinate r have been plotted in Figs. 8 and 9 for

Temperature 6(.7)

3 T T T
t=10
Sp=2
< =
T
o | _
£
g — @=0.10
g — =050
& — a=0.90
— =090
a=0.00
i+ _
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Fig. 7 The influence of heat source intensity Sy on the fluid temperature at small value of the time t.
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Fig. 9  The profiles of fluid velocity u(r, ¢) for different values of
the fractional parameter o and ¢ = 1.50.
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Fig. 10  Time-variation of fluid velocity u(r, ) in the middle of
the pipe for different values of the fractional parameter o.

different values of the fractional parameter «. It is observed in
these figures that the fluid motion is symmetric with respect to
the longitudinal axis of the cylinder. The time-variation of the
fluid velocity is sketched in Fig. 10. It is observed that for small
values of the time t, the velocity is increasing with the frac-
tional parameter and has an opposite behavior for large values
of the time. These properties also are clearly observed in Figs. §
and 9.

5. Conclusions

The non-integer order differential and integral operators with
memory have a great importance for the modelling of prob-
lems of flow and heat transfer.

Present investigation explores the consequences of the frac-
tional Caputo-Fabrizio operator to analyse the implications of
exponential heating and heat source on convective flow of a
Newtonian fluid in a circular cylinder.

The flow and heat transfer problem is formulated with frac-
tional partial differential equations. Laplace and finite Hankel
transforms are used to acquire the fluid temperature and veloc-
ity. The influence of different involved parameters on the heat
transfer and fluid motion are studied by numerical simulations
and graphics.

The fractional mathematical model formulated in this
paper is new in the literature. Also, the symmetric form of
the heat source considered in the present paper represents a
novelty in the convective flows.

Our study highlights that at small values of time t, the heat
transfer in the fractional model is faster to the classical model
described by Fourier’s law. For large values of time t, in the
fractional model the heat transfer is slower than in the classical
case of Fourier’s law.

It is important to note that the influence of the thermal
memory on the heat transfer becomes significant for small val-
ues of the fractional parameter. This influence becomes negli-
gible once the memory parameter tends to 1. This result
could provide optimal choices of the fractional model depend-
ing on the goal pursued in the studied problem.

For the future we propose to study nonlinear models of the
problem studied in this article. We believe that the compara-
tive results of the classical nonlinear model with those of the
fractional nonlinear model could highlight important proper-
ties of the generalized models.
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