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Abstract: In this study, we introduce the following additive functional equation:
gQu +v +2y) = Ag(w) + g(v) + 28(y)

for all A € C, all unitary elements u, v in a unital Poisson C*-algebra P, and all y € P. Using the direct method
and the fixed point method, we prove the Hyers-Ulam stability of the aforementioned additive functional
equation in unital Poisson C*-algebras. Furthermore, we apply to study Poisson C*-algebra homomorphisms
and Poisson C*-algebra derivations in unital Poisson C*-algebras.
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1 Introduction and preliminaries

The stability problem of functional equations originated from a question of Ulam [1] concerning the stability of
group homomorphisms. Hyers [2] gave a first affirmative partial answer to the question of Ulam for Banach
spaces. Hyers’ theorem was generalized by Aoki [3] for additive mappings and by Rassias [4] for linear
mappings by considering an unbounded Cauchy difference. Rassias [5] during the 27th International Sympo-
sium on Functional Equations asked the question whether such a theorem can also be proved for p = 1. Gajda
[6] following the same approach as in Rassias [4] gave an affirmative solution to this question for p > 1. It was
shown by Gajda [6], as well as by Rassias and Semrl [7] that one cannot prove a Rassias’ type theorem when
p = 1. The counterexamples of Gajda [6], as well as of Rassias and Semrl [7], have stimulated several math-
ematicians to invent new definitions of approximately additive or approximately linear mappings. A general-
ization of the Rassias theorem was obtained by Gavruta [8] by replacing the unbounded Cauchy difference by a
general control function in the spirit of Rassias’ approach. The stability problems of various functional
equations and functional inequalities have been extensively investigated by a number of authors [9-18].
We recall a fundamental result in the fixed point theory.

Theorem 1.1. [19,20] Let (X, d) be a complete generalized metric space and let | : X — X be a strictly contractive
mapping with Lipschitz constant a < 1. Then, for each given element x € X, either

A" x, J"x) = +eo
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for all nonnegative integers n or there exists a positive integer ny such that
(1) d("x, J"x) < +0, ¥n = ng;

(2) the sequence {J"x} converges to a fixed point y* of J;

(3) y* is the unique fixed point of ] in the set Y = {y € X|d(J™x,y) < +oo};

@ d(y,y*) < -d,Jy) forall y € Y.

In 1996, Isac and Rassias [21] were the first to provide applications of stability theory of functional
equations for the proof of new fixed point theorems with applications. By using fixed point methods, the
stability problems of several functional equations have been extensively investigated by a number of authors
(see [22,23]).

We first recall the definition of a Poisson algebra, given by Bai et al. [24].

Definition 1.2. [24] Let P be a vector space equipped with two bilinear operations °, {;} : P x P - P. The triple
(P, =, {}) is called a Poisson algebra if (P, <) is a associative algebra and (P, {,}) is a Lie algebra that satisfy
the compatibility condition

Xy zt={xylez+y-{xz} (11

for all x,y,z € P.

Equation (1.1) is called the Leibniz rule since the adjoint operators of the Lie algebra are derivations of
the commutative associative algebra.

Example 1.3. Let L be a Lie algebra with Lie bracket [+, |, which is a noncommutative (or commutative) algebra.

Let x ° y be Xy;yx for all x,y € L. Then, (L, °) is a commutative algebra. Let {-,-} = [-,-]. Then, we can easily

show that (L, °, {,}) is a Poisson algebra.

From now on, we denote x ¢ y by xy for x,y € P and (P, °, {}) by (P, {,}).

Cho et al. [25] studied homomorphisms and derivations in non-Archimedean Lie C*-algebras by using the
fixed point method. Motivated by their results, we define a unital Poisson C*-algebra and Poisson C*-algebra
derivations and Poisson C*-algebra homomorphisms in unital Poisson C*-algebras as follows.

Definition 1.4. A commutative unital C*-algebra P is called a unital Poisson C*-algebra if (P, {,}) is a Poisson
algebra.

Definition 1.5. Let P and Q be unital Poisson C*-algebras.
(1) A C-linear mapping g : P — P is a Poisson C*-algebra derivation if g : P — P satisfies

80yz) = g(yz + xg(y)z + xy8(2),
8(x, yz}) = {g(x), yz} + {x, g()z} + {x, yg(2)},
g(x*) = g()*
for all x,y,z € P.
(i) A C-linear mapping h : P - Q is a Poisson C*-algebra homomorphism if h : P — Q satisfies

h(xyz) = h(\)h(y)h(z),
h({x, yz}) = {h(x), h(y)h(2)},
h(x*) = h(x)*

for all x,y,z € P.

Throughout this study, assume that P is a unital Poisson C*-algebra with unit e and unitary group
U(P) = {u € Plu*u = uu* = e} and Q is a unital Poisson C*-algebra with unit e’.
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Remark 1.
(i) If we put x =y =z = e in Definition 1.5 (i), then g(e) = 0. If we put z = e in Definition 1.5 (i), then

gxy) = gx)y + xg(y),
glx,yp ={g00), ¥} + {x, g}

for all x,y € P. Thus, g: P — P satisfies the definition of Poisson C*-algebra derivation, given in
[26, Definition 1.4].

Conversely, assume that g: P — P satisfies the definition of Poisson C*-algebra derivation, given in
[26, Definition 1.4]. Then,

gyz) = g(xy)z + xyg(z) = gx)yz + xg(¥)z + xyg(z),
g({x, yz}) ={g(), yz} + {x, g(yz)} = {g(x), yz} + {x, g(y)z} + {x, yg(2)}

for all x,y,z € P.
(ii) Assume that h : P — Q satisfies the definition of Poisson C*-algebra homomorphism, given in [26, Defini-
tion 1.4], i.e., h : P — Q satisfies

h(xy) = h(x)h(y),
h({x, y}) = {hC0), h(y)},
h(X*) = h(x)*

for all x,y € P. Then,

h(yz) = h(y)h(z) = h()h(y)h(2),
h(ix, yz}) = {h(x), h(yz)} = {h(x), h(y)h(z)}

for all x,y,z € P.

In general, the converse does not hold. Assume thath : P — Q satisfies h(e) = e’. If we put z = e in Definition 1.5 (ii),
then

h(xy) = h(xye) = hQOh(y)h(e) = h()h(y)e” = h()h(y),
h(ix, y}) = h(ix, ye}) = {h(x), h(y)h(e)} = {h(x), h(y)e’t = {h(x), h(y)}
for all x,y € P. Thus, h: P - Q satisfies the definition of Poisson C*-algebra homomorphism, given in

[26, Definition 1.4].

In this study, we solve the additive functional equation (2.1) and prove the Hyers-Ulam stability of the
additive functional equation (2.1) in unital Poisson C*-algebras by using the direct method and by the fixed
point method. Furthermore, we investigate Poisson C*-algebra derivations and Poisson C*-algebra homo-
morphisms in unital Poisson C*-algebras associated with the additive functional equation (2.1).

2 Hyers-Ulam stability of the functional equation (2.1): direct
method

In this section, we solve and investigate the functional equation (2.1) in unital C*-algebras

g0 + v + 2y) = Ag(w) + gv) + 28(y). @)

Lemma 2.1. [27, Lemma 1] Assume that a mapping g : P — Q satisfies
gAu+v+2y)=Agw) + gv) + 28(y) 2.2)
forall A € C, allu,v € U(P), and all y € P. Then, the mapping g : P — Q is C-linear.
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Proof. Substituting A = 1 and u = —v in (2.2), we obtain g(2y) = 2g(y) for all y € P and so, we obtain g(0) = 0
Substituting A = 0 in (2.2), we obtain

g +2y) =g(v) +28(y)
and so,
gAu+v +2y) = Agw) + gv) + 28(y) = Agw) + g(v + 2y) 2.3)
forallA € C,allu,v € U(P), and all y € P. Substituting z = v + 2y in (2.3), we obtain
gQu +2)=2g(u) + g(2) (2.4)

forallA € C,allu € U(P), and all z € P.
Substituting z = 0 in (2.4), we obtain g(Au) = Ag(u) for all A € C and allu € U(P).

Since each x € P is a finite linear combination of unitary elements [28], i.e., x = Z;-'Ll/ljuj A €C,u; € UP)),
it follows from (2.4) that

m m
= g| D My + z| = g|Mwg + Y M + z

Jj=1 Jj=2

gAx +z) = [/\ YAy +z| =
j=1

=Mg(u) + g

m
Z/Utjuj + Z'

Jj=2

= Mg(wy) + AMpg(up) + ...+ g(AMplty + 2)

= Mg(w) + AMog(Uz) + ...+ Mg (Um) + g(2)

= Ag(w) + hgW) + ...+ Ang(Um)) + 8(2)

= Ag(w) + hg(U) +...+ An-18(Um-1) + §(Amlm)) + 8(2)
= Ahg(u) + hg(Up) + ...+ §(Am-1Um-1 + AmlUm)) + (2)

= 2Aag () + g0ty * ot Ait) + (2)
= Mgy + AUy + ...+ Ap-qUm-1 + Anliy)) + 8(2)
= 2g(0) + g(2)

for all A € C, and all z € P. So the mapping g : P - Q is C-linear. O
Now, we prove the Hyers-Ulam stability of the additive functional equation (2.1) in unital C*-algebras.
Theorem 2.2. [27, Theorem 2] Let ¢ : P3 — [0, ) be a function such that

(2.5)

u vy
d(u, vy)—ZZgDZI o 2]]

forallu,v € UP),and all y € P. Let g : P - Q be a mapping satisfying
lg(A(25u) + 2%v + 2y) — Ag(2Su) — g(2%v) - 28|l < o(25u, 2%v,y) (2.6)

forallA € C,allu,v € U(P), all s € Z withs <0, and all y € P. Then, there exists a unique C-linear mapping
G : P~ Q such that

80) - G < 3008 ), @)

forallu € UP) and all y € P.
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Proof. Letting A = -1 and replacing u by ; and v by 7 in (2.6), we obtain
u u
llg2y) - 28Il < q’[g, E,)’]

and so,

R

Hg(Y)__zg{%] 2°2°2

forallu € U(P) and all y € P.
Similarly, we can show that

Y

2741
for allu € U(P), all y € P, and each positive integer j. Thus,
-1

3l <
I amg 2 <y
2! m i
for all nonnegative integers m and [ with m > [, all u € U(P) and all y € P. It follows from (2.8) that the

sequence {Zkg(gv—k)} is Cauchy for all y € P. Since Q is complete, the sequence {Zkg(zlk)} converges. So one can
define the mapping G : P - Q by

ol 2| = gj+1 o] L Y
ng[2]] 2] g 2 ¢[2j+1’ 2/'+1) 2]'+1]

y

Zlg ] - 2j+1g W (2.8)

Y
2J

uuy]

1 m
2J <= ) 2o|—=, =, =
g[ zjgﬂ MUTRETREY

=1 k l]

for all y € P. Moreover, substituting [ = 0 and passing to the limit m — « in (2.8), we obtain (2.7).
It follows from (2.5) and (2.6) that

IGGu + v + 29) = A6(w) = G) - 26
52 el of )] |

. u vy
lim 20| = Y Y=
e q’[z" o’ on

= lim2"

n—-o

IA

forall A € C,allu,v € U(P), and all y € P. So,
G(Au + v + 2y) = AG(u) + G(v) + 2G(y)

forallA € C, allu,v € U(P), and all y € P. By Lemma 2.1, the mapping G : P — Q is C-linear.
The proof of the uniqueness of the mapping G is similar to the proof of [29, Theorem 2.3]. O

Theorem 2.3. [27, Theorem 3] Let ¢ : P3 - [0, ) be a function such that
1 . . .
Yu,v,y) = Z —02u, 2/v, 2ly) < 2.9)
0%

for all u,v € U(P), and all y € P. Let g: P —~ Q be a mapping satisfying (2.6) for all s € Z with s > 0.
Then, there exists a unique C-linear mapping G : P — Q such that

1
I8 = GOl = S¥(w, w y) (2.10)
forallu € U(P)and all y € P.

Proof. Letting A = -1 and replacing v by u in (2.6), we obtain
lg@y) - 28Il < o(u, u, y)
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and so,
1 1
80) - 58@)|| = o, u,y)
forallu € U(P) and all y € P.
Similarly, we can show that
1 1 . . .
< 0(2lu, 27u, 2Jy)

for allu € U(P), all y € P, and each positive integer j. Thus,

1 j j+
Eg(zj)’) - 2]‘+1g(2} 1)’) 2j+1

m-1

)

1 ;
2j+1g(2]+1)))

1 1 1. o T
282y - —e@my) 2782 - <2 ]Zl 20U, 271, 2Jy) (2.11)

for all nonnegative integers m and [ with m > [, all u € U(P), and all y € P. It follows from (2.11) that the
sequence {2—1kg(2"y)} is Cauchy for all y € P. Since Q is complete, the sequence {2—1,(g(2"y)} converges. So one can
define the mapping G : P — Q by

1
G() = lim g (2'y)

for all y € P. Moreover, substituting [ = 0 and passing to the limit m — « in (2.11), we obtain (2.10).
It follows from (2.6) and (2.9) that

IGAu + v + 2y) - AG(w) - G(v) - 2G|

1
= lim 8@ QAu + v+ 2y)) - Ag(2'w) - g(2'v) - 282l

I\

1
lim Fq}(znu, 2W,2) =0
n—o
forallA € C,allu,v € U(P),and all y € P. So,
G(Au + v + 2y) = AG(u) + G(v) + 2G(y)

forallA € C, allu,v € U(P), and all y € P. By Lemma 2.1, the mapping G : P - Q is C-linear.
The proof of the uniqueness of the mapping G is similar to the proof of [29, Theorem 2.3]. O

3 Hyers-Ulam stability of Poisson C*-algebra derivations and
Poisson C*-algebra homomorphisms in Poisson C*-algebras:
Direct method

Using the direct method, we prove the Hyers-Ulam stability of Poisson C*-algebra homomorphisms in unital
Poisson C*-algebras associated with the additive functional equation (2.2).

Theorem 3.1. Let ¢ : P3 - [0, ) be a function such that

e . (u v y
zgjfﬂ[gy 20 97| <° 3.1
j=0

forallu,v € UP) and all y € P. Let g : P — Q be a mapping satisfying (2.6) for all s € Z with s < 0. If the
mapping g : P — Q satisfies

[lg(BSuvw) — g(2Su)g(25v)g(2Sw)|| < @(25u, 25v, 25w), (3.2)
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lgsu®) - g(w*|| < 9(2u, 25u, 2°u), (3.3)
llg({2°u, 4vw}) - {g(2°u), §(2°v)g2w)}|| < @(2°u, 2°v, 2w),

(34)
for allu,v,w € U(P) and all s € Z with s < 0, then there exists a unique Poisson C*-algebra homomorphism
H: P - Q such that

180 - HOI < 5 zzf(p[i u z]

- —, (3.5
o\ 202
forallue UP),and all y € P.

Proof. By Theorem 2.2, there exists a unique C-linear mapping H : P — Q satisfying (3.5). The mapping
H: P - Qisgiven by

=1i k —y]
H(y) ,{E‘;Zglzk
for all y € P.

It follows from (3.1) and (3.2) that

[|[H(uvw) — H(u)H(V)H(w)|| = lim 8"

uvw ul (v) (w
g |7 Sl Bl Bl
u v w
<l ol —. —. —| =
‘,1,1128‘/’[2"’2"’2“] 0
and so,

H(uvw) = H(w)H(v)H(w)
for all u, v, w € U(P).

Since H : P — Q is C-linear and each x,y, z € P is a finite linear combination of unitary elements [28],
. !
ile, x = Z;-"zlﬂlju]-, Y = 2p=1lgVk, and z = Z§=1vsws(/1-, We> Vs € C, U, vi, ws € U(P)),

!
HOxyz)=H| Y Y Y A vsuviws
1k=1s=1

Mz

]

m 1
= Z 2. 2 Aty VsH (uyviens)

j=1k=1s=1

M ~

=3 3 > AuveH W)HviOH (wy)
j=1k=1s=

-

[

2 AH (W)
j=1

1 t
ZukH(vk)’[szH(ws)
k=1 s=1

m l
2 Af“j'ﬂ[ 2 #ka]H
j=1 k=1

for all x,y, z € P. So, the C-linear mapping H : P - Q satisfies H(xyz) = H(x)H(y)H(z) for all x,y,z € P
It follows from (3.1) and (3.3) that

=H

t
PRIATIA
s=1

= H(O)H(y)H(2)

*

IHw) - H@*| = lim 2" [”—] - g5
et |l B P
u u u u u
<lim2%| —, —, —| £ lim 8"p| —, —, —| =
bl d TR TRTY Rl ‘/’[2" 2 on
and so,

H(u*) = H(u)*
for allu € U(P).
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Since H: P — Q is C-linear and each x € P is a finite linear combination of unitary elements [28],
ie, x= z;n:l/l]ll] (A] € C, u € U(P)),
*

H(x*)=H = H(x)*

m _ m _ m _ m
QAur = YAHW) = Y AHW)* = H| Y Ay
j=1 j=1 j=1 j=1

for all x € P. So, the C-linear mapping H : P - Q is involutive.
It follows from (3.1) and (3.4) that
{u, vw} u v) (w
g | Blzf8lzfle

u v w
< lim 8" [—, -, —] =0
nosco ¢ on’ on’ 9n

1 ({u, vw}) = {H(u), H)HW)}|| = lim 8" &

and so,
H({u, vw}) = {H(w), HW)HW)}
for all u, v, w € U(P).
Since H : P — Q is C-linear and each x,y, z € P is a finite linear combination of unitary elements [28],
ie,x =YL Au, y= ZLlykvk, and z = Yo vaws(Aj, fhy, Vs € C, wj, v, ws € U(P)),

t

Z VsWs

s=1

m
2 A,

Jj=1

H(x,yz) = H

$uvl

k=1

1}
M=z
M~
M-~

)(j;uszH({uj) ViWs})

-
n
N
=
)
—_
1%
n
—_

1l
M=z
M~
M ~

At vs{H (1)), H(vi)H (ws)}

1l
—
=

)
—
©»

1
—

1
——
M=

1 t
AH (W), [ 2 wH (Vk)][ 2 VsH(wy)
k=1 s=1

t
D Vs

s=1

= {H(X), HY)H (2)}

Jj=1

1
= H[Z)ljuj

l
) H[ Z HkayH
k=1

for all x,y,z € P. So, the mapping H : P — Q satisfies H({x, yz}) = {H(x), H(y)H(z)} for all x,y,z € P.
Thus, the C-linear mapping H : P — Q is a Poisson C*-algebra homomorphism. O

Corollary 3.2. Let r > 3 and 6 be nonnegative real numbers and g : P — Q be a mapping satisfying

lg@A2u) + 25 + 2y) - Ag(2°u) - g(2v) - 28| < 62 + |yII") (3.6)
forallA € C,allu,v € U(P), all s € Z withs <0, and all y € P. If the mapping g : P — Q satisfies
llg(BSuvw) - g(2su)g(25v)g(2sw)|| < 3 - 2", (3.7
llg2su*) - g(2Su)*|| < 3 - 29, (3.8
llg({2°u, £vw}) - {g(2°w), g(2°v)g(2°'w)}|| < 3 - 26 3.9

forallu,v,w € U(P) and all s € Z with s < 0, then there exists a unique Poisson C*-algebra homomorphism
H: P - Q such that

612(2 + || (3.10)

lg) = HO)II <

forall y € P.



DE GRUYTER Poisson C"-algebra derivations =—— 9

Proof. The result follows from Theorem 3.1 by taking @(2°u, 2°v,y) = 0(2"**1 + ||y|I") for all u,v € U(P),
alls € Z withs < 0,and all y € P. O

Theorem 3.3. Let ¢ : P® — [0, ®) be a function and g : P — Q be a mapping satisfying (2.9), 2.6), (3.2), (3.3) and (3.4)
for all s € Z with s = 0. Then, there exists a unique Poisson C*-algebra homomorphism H : P — Q such that

1l .
Ig0) ~ HO)I| < 5 2 5500w, 2/u, 21y) (3.11)
J=0
forallue UP)and all y € P.

Proof. By Theorem 2.3, there exists a unique C-linear mapping H : P — Q satisfying (3.11). The mapping
H:P - Qis given by

1
H(y) = lim -rg(2'y)

for all y € P.
It follows from (2.9) and (3.2) that

o1
| Quvw) — H@HEHW)| = lim o llg@"uvw) - g@u)g2vig@w)l
< }1152 %q)(znu, 2y, 2"w)
1
< }111510 E(p(znu, 2, 2"w) = 0

and so H(uvw) = Hw)H(v)H(w) for all u, v, w € U(P).
It follows from (2.9) and (3.4) that

|1H{u, vw}) - {Hw), HW)HW)}||

lim =g 8", v — g2, g

IA

1 1
lim E(p(Z"u, 2", 2"'w) < lim F(p(Z"u, 2y, 2"w) = 0
- .

and so H({u, vw}) = {H(u), H(v)H(w)} for all u, v, w € U(P).
The rest of the proof is similar to the proof of Theorem 3.1. O

Corollary 3.4. Let r <1 and 0 be nonnegative real numbers and g : P — Q be a mapping satisfying (3.6), (3.7),
(3.8),and (3.9) for all s € Z withs = 0. Then, there exists a unique Poisson C*-algebra homomorphismH : P - Q
such that

0
2-7

llgC) = HXI| < @+l (3.12)

forall y € P.

Proof. The result follows from Theorem 3.3 by taking @(2°u, 25v, 2/y) = 0(2"*1 + ||y|I") for all u,v € U(P),
alls € Z withs 2 0,and all y € P. O

Now, we prove the Hyers-Ulam stability of Poisson C*-algebra derivations in unital Poisson C*-algebras
associated with the additive functional equation (2.2) by using the direct method.

Theorem 3.5. Let ¢ : P3 — [0, ) be a function satisfying (3.1). If a mapping g : P — P satisfies (3.3), (2.6), and
g (B uvw) — g(2Sw)dvw — Fug(2sv)w — Fuvg(2Sw)|| < p(2%u, 25, 25w), (3.13)

llg({25u, 4vw}) - {g(2%w), 4Svw} — {25u, g(25v)2Sw} — {25u, 25vg (25w)}|| < @(25u, 2%, 25w) (3.14)
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for all u,v,w € U(P) and all s € Z with s <0, then there exists a unique Poisson C*-algebra derivation
D : P — P such that

g - D(y>||<—221 P

u u y
2 2’ 2]] (3.15)

forallu € U(P) and all y € P.

Proof. By Theorem 2.2, there exists a unique C-linear mapping D : P — P satisfying (3.15). The mapping
D: P - Pis given by
=1 k l]
forall y € P.
It follows from (3.1) and (3.13) that
[|[D(uvw) = D(w)vw - uD(v)w — uvD(w)||

uvw ujvww u
T L PO T

lim 8"

n—oo

8

v |w uv |w
on gl

n)2n 4t £

IA

ol )
for all u, v, w € U(P). So,
D(uvw) = D(u)vw + uD(v)w + uvD(w)
for all u, v, w € U(P).
Since D : P — P is C-linear and each x,y € P is a finite linear combination of unitary elements [28],
ie, x = YLAu, y = Zf(:l‘ukvk, and z = Yo viws (A, y, Vs € C, Uj, Vi, ws € U(P)),

m t
2 Z 2 Al IVicns

Jj=1k=1s=1

D(xyz)=D

Ms
M~

t

Z ]kasD(u]VkWs)
1s=1

t

k

-
1
=

Ms
M~

2 A vs(D(uy)views + wD(vi)ws + ujveD(ws))

j=1k=1s=

-
)
[N

m m l t
Z)L D(w) Zﬂkvk] ZVsWs ZA iUj Z#kD(Vk) ZVsWs Z/ljuj [Zﬂkvk’ ZVSD(WS)
j=1 s=1 j=1 j=1 k=1 s=1
=D Z/l u]‘yz + xD Zykvk z + xyD szws = D(x)yz + xD(y)z + xyD(z)
k=1 s=1
for all x,y, z € P. So, the C-linear mapping D : P — P satisfies
D(xyz) = D(x)yz + xD(y)z + xyD(z)
for all x,y,z € P.
It follows from (3.1) and (3.3) that
u* ul* u u u u u u
E *[| = 13 n — | = - < 1i nol — — nol — — | =
1Dy = Dy =l 2 g[ 2"] g[zn] < pm2 (/’[2" 2 zn] < m8 ‘/’[2"’ 2 zn] 0

and so,
D(u*) = D(w)*
for allu € U(P).
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Since D : P — P is C-linear and each x € P is a finite linear combination of unitary elements [28],
ie, x = Z;":Mjuj (A € C,u; € UWP)),

*

= D(x)*

m

Z Z D(uj)* =

D(x*)=D

Z’“‘/

j=1

m —
z)‘iu/
=1

for all x € P. So, the C-linear mapping D : P — P is involutive.
It follows from (3.1) and (3.14) that

[ID{u, vw}) - {D(w), vw} - {u, D(W)w} - {u, vD(w)}||

o5 bl - - B

< lim 8"¢(2"u, 2"v, 2'w) = 0
n—oo
and so, D({u, vw}) = {D(u), vw} + {u, D(v)w} + {u, vD(w)} for all u, v, w € U(P).
Since D : P — P is C-linear and each x,y,z € P is a finite linear combination of unitary elements [28],
ie,x =YL A, y= Z;Flykvk, and z = Y5 vaws(Aj, 1, Vs € C, ), vy, ws € U(P)),

= lim 8"

n—oo

t
z VsWs

s=1

D({x,yz})=D

g’ljuj’ [iukvk]

j=1 k=1

1l

"Mz
M ~
M ~

-
I
—
>
[l
—
©
[l
—

At vsD({wj, viws})

I
Mz
M~
M-~

A vs(AD(Wy), views} + {uj, D(viws} + {ujvie, D(Ws)})

-
1
=
=
n
=
©
)
[N

z VsWs

s=1

m l t
+ z Ajuj, Z [JkD(Vk) z VsWs
=1 k=1 s=1

Z iD(uy), Zﬂkvk]
j=1 k=1

Hi

Z Aju;

j=1

z VsD(w)

k=1 s=1

!
Zukvk Zf +
k=1

={D(x), yz} + {x, D(y)z} + {xy, D(2)}

for all x,y, z € P. Thus, the mapping D : P — P is a Poisson C*-algebra derivation. O

,VZt +1x, D

bl

t
xy,D zVsWs
s=1

Corollary 3.6. Letr > 3 and 0 be nonnegative real numbers and g : P — P be a mapping satisfying (3.6), (3.8), and
|8 (B uvw) — g(2Sw)dvw — Fug(2Sv)w — Fuvg(2Sw)|| < 3 - 2'%6, (3.16)
llg({25u, £vw}) - {g(25w), Fvw} - {25u, g(25v)25w} — {&uv, g(2w)}|| < 3 - 270 3.17)

for all u,v,w € U(P) and all s € Z with s < 0. Then, there exists a unique Poisson C*-algebra derivation
D : P — P such that

lg) = DI < 5 IvII") (3.18)

forall y € P.

Proof. The result follows from Theorem 3.5 by taking ¢(25u,2%v,y) = 6(2*1 + ||y|I") for all u,v € U(P),
alls € Z withs<0andall y €P. 0
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Theorem 3.7. Let ¢ : P® - [0, ) be a function and g : P — P be a mapping satisfying (2.9), (2.6), (3.13), (3.14), and
(3.3) for all s € Z with s = 0. Then, there exists a unique Poisson C*-algebra derivation D : P — P satisfying

1
lgy) - DY)l < E‘P(u, u,y) (3.19)

forallu € U(P) and all y € P, where ¥(u, v, y) is given in the statement of Theorem 2.3.

Proof. By Theorem 2.3, there exists a unique C-linear mapping D : P — P satisfying (3.19). The mapping
D : P - Pis given by

1
D(y) = lim -g(2"y)

forall y € P.
It follows from (2.9) and (3.13) that

[|[D(uvw) — D(w)yw — uD(v)w — uvD(w)||

lim %ng@"uvw) - U@ vw) - gEW)2W) - Fuv)g2w)|

IA

1 1
im — n n n < n n n =
}ll_'no'lo 8n(p(2 u, 2", 2"w) < 2n(p(z u, 2™, 2"w) = 0
and so, D(uvw) = D(u)vw + uD(v)w + uvD(w) for all u, v, w € U(P).
It follows from (2.9) and (3.14) that
ID(u, vw}) = {D(w), vw} - {u, D()w} = {u, vDW)}|

1
= 7111_12 §||g(8"{u, vw}) - {g(2"u), 4'vw} - {2"u, g(2")2"w} - {2"u, 2"vg (2"w)}|
1 1
< lim g(p(znu, 2My, 2Mw) < F(p(znu, 2, 2"w) = 0
n—o

and so, D({u, vw}) = {D(u), vw} + {u, D(v)w} + {u, vD(w)} for all u, v, w € U(P).
The rest of the proof is similar to the proof of Theorem 3.5. O

Corollary 3.8. Letr < 1 and 6 be nonnegative real numbers and g : P — P be a mapping satisfying (3.6), (3.16), (3.17),
and (3.8) for all s € Z with s > 0. Then, there exists a unique Poisson C*-algebra derivation D : P — P such that

0
2-7

llg(x) = DI < @+l (3:20)

forall y € P.

Proof. The result follows from Theorem 3.7 by taking ¢(2%u, 2%v,y) = 6(2"*1 + ||y|I") for all u,v € U(P),
alls € Z withs 2 0,and all y € P. O

4 Hyers-Ulam stability of the functional equation (2.1): fixed point
method

Using the fixed point method, we prove the Hyers-Ulam stability of the additive functional equation (2.1)
in unital C*-algebras.

Theorem 4.1. [27, Theorem 8] Let ¢ : P? — [0, ) be a function such that there exists an L < 1 with

uvy| L

— — < —
(0[2, 5 7)< 2qo(u,v,y)
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for all u,v € UP) and all y € P. Let g: P~ Q be a mapping satisfying (2.6) for all s € Z with s <0.
Then, there exists a unique C-linear mapping H : P — Q such that

lgy) - HW)|l < o(u, u,y) (4.2)

21-1L)
forallue U(P)and all y € P.

Proof. Consider the set
S=1{g:P~0Q}
and introduce the generalized metric on S:
d(g, h) = inf{u € R. : [|g(y) - h(Y)|| < pe(u, u,y), Yu € U(P), Vy € P},

where, as usual, inf¢ = +o. It is easy to show that (S, d) is complete [30].
Now, we consider the linear mapping J : S — S such that

Yy
Jgy) = Zg[E]
for all y € P.
Let g, h € S be given such that d(g, h) = €. Then,
llg) = hWI| < ep(u, u, y)
for allu € U(P) and all y € P. Since

HZg[%] - Zh[%]H < 26(p[E L] X] < Zeéqo(u, u,y) = Lep(u, u, y)

27272
for allu € U(P) and all y € P, d(Jg, Jh) < Le. This means that
d(Jg,Jh) < Ld(g, h)

forall g,h €S.
It follows from (2) that

ool uuy L
Hg(y) Zg[z] S(p[z,z,zJS 2<p(u,u,y)

for all u € U(P) and all y € P. So d(g,Jg) < ~.
By Theorem 1.1, there exists a mapping H : P — P satisfying the following:
(1) H is a fixed point of J, i.e,,

HQy) = zrz[%] 42)

for all y € P. The mapping H is a unique fixed point of J. This implies that H is a unique mapping
satisfying (4.2) such that there exists a ¢ € (0, ) satisfying

llg) = HO)Il < up(u, u, )

forallu € U(P) and all y € P;
(2) d(J'g, H) — 0 as I — . This implies the equality

. Yy
-

forall y € P;
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(3) d(g, H) < +d(g, Jg), which implies

g0 = HXOIl < o, u,y)

L
21-1L)
for allu € U(P) and all y € P. Thus, we obtain the inequality (4.1).

The rest of the proof is the same as in the proof of Theorem 2.2. O

Theorem 4.2. [27, Theorem 8] Let ¢ : P3 — [0, ®) be a function such that there exists an L < 1 with

uvy
- =, = 4.3
2’2’2] 43

o, v,y) < 2Ly

forallu,v € U(P)and all y € P.Let g : P - Q be a mapping satisfying (2.6) for all s € Z with s > 0. Then, there
exists a unique C-linear mapping H : P - Q such that

1
g - HOIl < mw(u, uy) 4.4

forallu € U(P) and all y € P.

Proof. Let S and d be given in the proof of Theorem 4.1.
Now, we consider the linear mapping J: S = S such that

1
Jg(y) = 28 2y)

for all y € P.
Letting A = -1 and replacing v by u in (2.6), we obtain

1 1
Hg(Y) - Eg(Zy) < Efp(u, u,y)

for all u € U(P) and all y € P. So d(g, Jg) < 5.
The rest of the proof is similar to the proofs of Theorems 2.3 and 4.1. O

5 Hyers-Ulam stability of Poisson C*-algebra derivations and
Poisson C*-algebra homomorphisms in Poisson C*-algebras:
Fixed point method

Using the fixed point method, we prove the Hyers-Ulam stability of Poisson C*-algebra homomorphisms
in unital Poisson C*-algebras associated with the additive functional equation (2.2).

Theorem 5.1. Let ¢ : P3 — [0, ) be a function such that

L

< g(p(ll, v,y) < %(p(u, v,y) (5.1)

forallu,v € UP) and all y € P. Let g : P — Q be a mapping satisfying (2.6), (3.2), (3.3), and (3.4) foralls € Z
with s < 0. Then, there exists a unique Poisson C*-algebra homomorphism H : P — Q satisfying (4.1).

uvy

W2 22
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Proof. It follows from (5.1) and (3.2) that

. uvw u v
| uvw) — H@HW)HwW)|| = lim 8" g[ 5 ]gz—]gz— o H
u w I
< n < n__ =
’11115108 (p[zn o 2”] ’111m8 —o(u,v,w) =0

and so,
H(uvw) = Hw)H(V)H(w)

for all u, v, w € U(P).
It follows from (5.1) and (3.4) that

et v - g0, HHO = i o P | - o) f 2l | H
< lim 8"(p[— — —] < hm 8"L—g0(u v, w) =

and so,
H({u, vw}) = {H(u), H(v)H(w)}

for all u, v, w € U(P).
The rest of the proof is similar to the proofs of Theorems 2.2, 3.1, and 4.1.

- 15

O

Corollary 5.2. Let r > 3 and 0 be nonnegative real numbers and g : P - Q be a mapping satisfying (3.6), (3.7),
(3.8), and (3.9) for all s € Z with s < 0. Then, there exists a unique Poisson C*-algebra homomorphism

H: P - Q satisfying (3.10).

Proof. The result follows from Theorem 5.1 by taking L = 217 and ¢(25u, 25v,y) = (2" + |ly|[") for all

u,ve U(P),alls € Z withs<0,and all y € P.

O

Theorem 5.3. Let ¢ : P3 - [0, @) be a function and g : P — Q be a mapping satisfying (4.3), (2.6), (3.2), (3.3),
and (3.4) for all s € Z with s 2 0. Then, there exists a unique Poisson C*-algebra homomorphism H : P - Q

satisfying (4.4).
Proof. It follows from (2.9) and (3.2) that
o1
| Qw) = HaHWBW)]| = lim = lg(8"uvw) - g(2u)g(2v)g@w)|

1 2N
< lim —o(2™u, 2, 2"w) < lim
tim g9 )< im0,

and so, H(uvw) = Hw)H(v)H(w) for all u, v, w € U(P).
It follows from (2.9) and (3.4) that

1
1H ({w, vw}) = {H W), HOHW)H| = lim < (lg(8u, vw}) = {g(2"w), g2 v)gZ'w|

nrn

1 2"L
lim —o(2"u, 2", 2'w) < li
lim 02", 2 2) < im

IA

and so, H({u, vw}) = {H(u), H(v)H(w)} for all u, v, w € U(P).
The rest of the proof is similar to the proofs of Theorems 3.1, 3.3, and 5.1.

ou,v,w)=0

ow,v,w) =0
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Corollary 5.4. Let r <1 and 0 be nonnegative real numbers and g : P —» Q be a mapping satisfying (3.6), (3.7),
(3.8), and (3.9) for all s € Z with s = 0. Then, there exists a unique Poisson C*-algebra homomorphism
H: P - Q satisfying (3.12).

Proof. The result follows from Theorem 5.3 by taking L = 2! and (2%, 2%v,y) = 6(2"*1 + ||y||") for all
u,ve U(P),allsez withs=0andall y € P. O

Now, we prove the Hyers-Ulam stability of Poisson C*-algebra derivations in unital Poisson C*-algebras
associated with the additive functional equation (2.2) by using the fixed point method.

Theorem 5.5. Let ¢ : P? — [0, ) be a function satisfying (5.1). If the mapping g : P — P satisfies (2.6), (3.3), (3.13),
and (3.14) for all s € Z with s < 0, then there exists a unique Poisson C*-algebra derivation D : P — P such that

L
0 = DOl < 57— 7y9 1Y)
forallu € U(P) and all y € P.

Proof. It follows from (5.1) and (3.13) that
[|[D(uvw) = D(w)vw - uD(v)w — uvD(w)||

uvw ujvw u
W P T

. u v w . i
I 5 35 3] < Bngroc v ) <

lim 8"

n—-o

viw [K]

oo T |

I\

and so,
D(uvw) = D(w)vw + uD(v)w + uvD(w)

for all u, v, w € U(P).
It follows from (5.1) and (3.14) that

ID{u, vw}) = {D(u), vw} = {u, D(v)w} - {u, vD(w)}|

{u, vw} v)w u v (w
[ ] { ) gi]ﬁ]_[ﬁ’ 78 z_]’H

lim 8"(/)[i 2 K] < hm S”L—(p(u v, w) =
n-

lim 8"

n—o

o

IA

and so,
D({u, vw}) = {D(u), vw} + {u, D(v)w} + {u, vD(w)}

for all u, v, w € U(P).
The rest of the proof is similar to the proofs of Theorems 3.5 and 5.1. O

Corollary 5.6. Let r > 3 and 6 be nonnegative real numbers and g : P — P be a mapping satisfying (3.6), (3.8),
(3.16), and (3.17) for all s € Z with s < 0. Then, there exists a unique Poisson C*-algebra derivation D : P —» P
satisfying (3.18).

Proof. The result follows from Theorem 5.5 by taking L = 27 and ¢(25u, 25, y) = 6(2"*1 + ||y||") for all
u,ve U(P),allseZ withs<0andall y €P. O
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Theorem 5.7. Let ¢ : P® — [0, ) be a function and g : P — P be a mapping satisfying (2.6), (4.3), (3.3), (3.13), and
(3.14) for all s € Z with s 2 0. Then, there exists a unique Poisson C*-algebra derivation D : P — P such that

lg) - DI < o, u,y)

1
21-10)
forallue U(P) and all y € P.

Proof. It follows from (4.3) and (3.2) that
[|[D(uvw) = D(w)vw = uD(v)w — uvD(w)||

1
lim <7 {lg(8"uwvw) = gZu)(@vw) = 2'w)g2V)(2'w) = (Fuv)g ' w)l|

nrn

L ou,v,w)=0

8"

IA

1
lim —@2"u, 2", 2'w) < lim
nowo 8N n—oo

and so, D(uvw) = D(u)vw + uD(v)w + uvD(w) for all u, v, w € U(P).
It follows from (4.3) and (3.14) that

[ID(u, vw}) - {D(w), vw} - {u, D(v)w} - {u, vD(w)}|

,1.152 8—1,,||g(8"{u, ww}) - {g2"w), 4'w} - {2"u, g(2")2"w} - {2"u, 2"vg (2"'w)i|

nrn

L
o ou,v,w)=0

IA

1
lim —@2"u, 2"v, 2'w) < lim
n—o 8" n—oo

and so, D({u, vw}) = {D(w), vw} + {u, D(v)w} + {u, vD(w)} for all u, v, w € U(P).
The rest of the proof is similar to the proofs of Theorems 3.5 and 5.1. O

Corollary 5.8. Let r <1 and 8 be nonnegative real numbers and g : P — P be a mapping satisfying (3.6), (3.8),
(3.16), and (3.17) for all s € Z with s = 0. Then, there exists a unique Poisson C*-algebra derivation D : P —» P
satisfying (3.20).

Proof. The result follows from Theorem 5.7 by taking L = 2! and @(25u, 25v,y) = 6(2"*1 + |ly|[") for all
u,veU(P),alls € Z withs=>0,and all y € P. O

6 Conclusion

We introduced the additive functional equation (2.1) in a unital Poisson C*-algebra P. Using the direct method
and the fixed point method, we proved the Hyers-Ulam stability of the additive functional equation (2.1) in
unital Poisson C*-algebras. Furthermore, we applied to study Poisson C*-algebra homomorphisms and Poisson
C*-algebra derivations in unital Poisson C*-algebras.
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