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Operational quasiprobability in quantum thermodynamics: Work extraction
by coherence and nonjoint measurability
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We employ the operational quasiprobability (OQ) as a work distribution, which reproduces the Jarzynski
equality and yields the average work consistent with the classical definition. The OQ distribution can be
implemented through two simple experimental settings: the end-point measurement and the two-point measure-
ment. Using this framework, we demonstrate the explicit contribution of coherence to the work, which can be
formulated by the second-law-type relation. In a two-level system, we show that nonjoint measurability, a gener-
alized notion of measurement incompatibility, can increase the amount of extractable work beyond the classical
bound imposed by jointly measurable measurements. We further prove that the real part of Kirkwood-Dirac
quasiprobability (KDQ) and the OQ are equivalent in two-level systems, and they are non-negative for binary
unbiased measurements if and only if the measurements are jointly measurable. In a three-level nitrogen-vacancy
center system, the OQ and the KDQ exhibit different amounts of negativities while enabling the same work
extraction, implying that the magnitude of negativity is not a faithful indicator of nonclassical work. These
results highlight that coherence and nonjoint measurability play fundamental roles in the enhancement of work.
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I. INTRODUCTION

Work is a fundamental quantity in thermodynamics, bridg-
ing nonequilibrium processes to equilibrium properties. The
Jarzynski equality (JE) provides a remarkable relation: The
exponential average of work performed during a nonequi-
librium process equals the free-energy difference between
equilibrium states [1]. In classical systems, work can be de-
fined as a stochastic variable along a trajectory. In quantum
systems, however, the lack of well-defined trajectories and
the backaction of measurement render the definition of work
ambiguous [2]. This conflict is formalized in no-go theo-
rems, which state that no quantum probability distribution
can simultaneously satisfy the JE and reproduce the classical
definition of average work [3,4]. To address this limitation, re-
cent studies have employed quasiprobabilities that generalize
classical probability distributions by allowing negative or even
complex values [5-9]. This approach naturally raises a funda-
mental question: How are these anomalous values connected
to nonclassical features such as coherence and measurement
incompatibility in quantum thermodynamics?
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Recently, the Kirkwood-Dirac quasiprobability (KDQ) and
its real part, the Margenau-Hill quasiprobability (MHQ), have
attracted attention as a work distribution in quantum sys-
tems [5,8,9]. The KDQ is defined in terms of observables
and retains its basis representation, enabling an operationally
consistent interpretation with quantum measurement statis-
tics. Its usefulness has been demonstrated in a wide range
of fields, including quantum metrology [10,11], many-body
physics [12,13], and the fundamentals of quantum physics
[14]. More recently, negativity in KDQ has been shown
to enhance extractable work exceeding the classical bound
[15]. The KDQ negativity indicates that a quantum state
does not commute with one of measurements considered
or the measurements are mutually noncommuting; however,
the converse does not necessarily hold [4]. This implies
that the negativity represents a stricter notion of nonclas-
sicality than noncommutativity [16]. Since various forms
of nonclassical thermodynamic behavior are linked to the
KDQ negativity, it is crucial to clarify the underlying op-
erational principles. In particular, nonjoint measurability—a
generalized notion of measurement incompatibility [17-20]—
plays a central role in characterizing nonclassicality such
as the quantum steering [21,22], the wave-particle du-
ality [23], and the uncertainty relation [24,25]. In this
context, alternative frameworks, such as the operational
quasiprobability (OQ) [26,27], may provide a direct and
operational connection to nonjoint measurability (non-JM).
Moreover, the negativity of the operational quasiprobability
is an indicator of nonclassicality, associated with phenom-
ena such as entanglement [26], violation of macrorealism
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[27], measurement-selection contextuality [28], and nonjoint
measurability [29].

In this work, we employ the OQ as a work distribution
that can be experimentally implemented through end-point
and two-point measurement (TPM). We investigate the ther-
modynamic properties of the OQ and show that it reproduces
both the JE and the classical definition of average work. For
states with energy-basis coherence, the JE derived from the
0OQ includes a modification term, which captures the con-
tribution of coherence to the fluctuation, the average, and
the second moment of work. In particular, we derive the
second-law-type relation for the contribution of coherence to
work. The work distribution defined by the OQ shows that
the nonjoint measurability enables nonclassical enhancement
of work extraction in a two-dimensional system. This pro-
vides an operational identification of nonjoint measurability in
thermodynamic systems, which is of great importance in the
fundamentals of quantum physics and quantum information
science [20]. We also show that the OQ is equivalent to the
MHQ for arbitrary binary measurements. This equivalence
unravels that the MHQ of binary unbiased measurements be-
comes negative if and only if the considered measurements
are nonjointly measurable. In a three-dimensional nitrogen-
vacancy (NV) center system [15], the OQ and MHQ exhibit
different negativities but yield the same extractable work.
These results highlight the importance of coherence and non-
joint measurability in the enhancement of work.

II. QUANTUM THERMODYNAMICS USING 0Q

A. Work protocol and two-point measurement

We define the quantum work based on the following ex-
perimental protocol: Consider that a d-dimensional quantum
state 0 evolves by a time-dependent Hamiltonian

d—1

A@) =) EIQ), ()

5s=0

where I1;(¢) is a projector onto the eigenspace associated
with the eigenvalue E; at time ¢f. The Hamiltonian defines
the energy observable at each time. We measure the energy
of the state using two projective measurements. The mea-
surements performed at times #; and #, (#; < f;) are defined
by A := {A; = I1;(r))} and B := {Ef = flf(tz)}, respectively,
where i, f € [d] are the measurement outcomes. The time
evolution of the quantum state can be described by a com-
pletely positive and trace-preserving (CPTP) map &5. We
express the measurement at time #, in the Heisenberg picture
as B .= {l?jf = @] ([1;(2))}, where @}, is a dual map of the
CPTP map that is unital. In the following examples, we mainly
consider closed systems in which the time evolution of a state
is governed by a unitary operator.

In this protocol, the work is defined as the average internal-
energy difference, E; — E;, evaluated with respect to a joint
probability distribution associated with a chosen energy-
measurement scheme. In classical physics, one can define
such a joint distribution without reference to the measurement
context, such as the time ordering of measurements. In quan-
tum systems, however, the measurement backaction leads to a
fundamental ambiguity in defining a work distribution.

(a) End-point measurement

. P } ) H
0 — B t
L
(b) Two-point measurement
Oy
0 A B t

FIG. 1. Measurement settings to obtain the operational
quasiprobability. (a) EPM performs the measurement B at time #,.
(b) TPM is a consecutive measurement performing the measurements
A and B at times #; and #, (t; < t,), respectively. The input state 9
evolves according to the time-dependent Hamiltonian H () defined
in Eq. (1). The quantum channel @ represents the time evolution
by the Hamiltonian H (¢).

The typical method to define average work is to use the
TPM scheme that performs the measurements A and B con-
secutively [2]. The probability of the TPM scheme can be read
as M = p?‘l’;’ A, where p? = Tr(0A;) is the probability ob-
tained by the measurement A and pﬂ? = Tr(A}*0A) 23? )/ Pl
is the conditional probability of B given that A has been
measured first. Talkner et al. showed that the TPM scheme
reproduces the JE for a Gibbs state and arbitrary unitary evo-
lution [2]. However, because the first measurement inevitably
disturbs the state 9, the TPM scheme fails to reproduce the
average work defined by the energy difference E; — E;, where
E; and E; denote the energies measured at times #, and ?;,
respectively. This discrepancy arises from the mismatch be-
tween the marginal of the TPM probability and the probability
of individual measurement:

TPM A
Z Pip = =Pi
f

In quantum theory, no positive joint probability distribution
can simultaneously satisfy the JE and preserve the marginals
of both measurements. Enforcing both properties inevitably
results in negative values in the distribution. To circumvent
this problem, quasiprobabilities have been employed to define
work and its distribution [6,7,9].

and Y pIPM £ ph. )

B. Definition of OQ

We here consider the OQ as a work distribution. The OQ
is defined by the two settings consisting of the measurements
A and B The setting (a) in Fig. 1, called the end-point mea-
surement (EPM), performs the measurement B at time ;. The
probability of the EPM is given by p™ = p = Tr(2B).
The setting (b) in Fig. 1 is the TPM scheme. Based on the
probabilities of the EPM and the TPM scheme, we have the
function of OQ,

d—1
1
a = pi + g(p'}m - P,'T})M) 3)
i=0
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This function is derived from the characteristic functions of
the two measurement settings:

xod = (v )gpm, m =0 and Vn,

X:Sr? = (y™y" Yrpm, ¥m # 0 and Vn, 4)

where y =exp(2mj/d) for j>=—1 and (-)x is the ex-
pectation over the probability obtained by the respective
measurement setting X . We consider that X(%Q =1,and X,S(? is
constructed from the marginal probability of the TPM scheme
pit™ =3, pi/™. The OQ function is associated with the in-
verse Fourier transformation of these characteristic functions,

d—1
1 ,
O —im—
a9 = 7 >y IO, Q)

m,n=0

See Appendix A for a detailed derivation of the OQ function.

The functional form of the OQ is uniquely determined
by the measurement bases used to define the characteristic
functions. As a result, the negativity of OQ can serve as
an operational indicator of nonclassical features compared
to a classical model associated with a given measurement
scenario [26-29]. This is in contrast to typical Wigner-type
quasiprobability distributions, whose representations are not
uniquely specified and may vary with the choice of basis.
Such freedom can obscure a clear physical interpretation of
their negativities. Experimental verification of the OQ has
been demonstrated in optical systems [28,30], and the OQ
framework was extended to continuous variable systems in
Ref. [27].

C. Thermodynamic properties of 0Q

We identify key properties of the OQ that can be exploited
to demonstrate its relevance in quantum thermodynamics:

(T1) Marginality: The OQ reproduces the probabilities of
the measurements A and BY as its marginals, i.e., Y 7 qgcQ =
piand 3, qicj)rQ = P?-

(T2) TPM reproducibility: For an input state o = Op,
which is diagonalized in the basis of the first measurement

A, the OQ becomes the probability of the TPM scheme, i.e.,

0Q _ _TPM
dif = Pif

(T3) Convex linearity: For an input state 0 =), prOx
where D", pr = 1 and py > 0 Vk, the OQ is a linear functional
such that g}2(0) = Y, peg;) 2 (2e)-

Properties (T2) and (T3) can be easily obtained by the form
of the OQ function (3). Property (T2) is obtained by the fact
that, as a diagonal state commutes with the measurement A
such that [pp, A;] = 0 Vi, the probability of the TPM can be

read as p;™ = Tr(@DAZB;I ), and the terms in the parenthesis

of Eq. (3) are vanished since ) ; piT}’M = p?PM. Note that a
more general form of the no-go theorem can be formulated
with conditions (T1) and (T3) [4]. We investigate the thermo-
dynamic significance of the OQ as a work distribution based
on these properties.

The work is defined by the average difference between
energies measured at different times. By marginality (T1), the
expectation of the energy difference over the OQ, (w)oq :=
(E;r — Ej)oq, coincides with the difference between the av-
erage energies obtained by the measurements A and B

separately as

(wog = Y _ a1 (Ey — Ei) = (Ef)s — (Eda,  (6)
if
where the subscript A(B) implies that the expectation is taken
over the probability obtained by the measurement A(B).
Condition (T2) is important to derive the JE and subse-
quently the fluctuation theorem. For a Gibbs state 0, JE holds
for arbitrary unitary evolution [2] as

(P)oq = Y gite PETE) = e P, ™
if

where AF is the free-energy difference given by the ratio
of the partition functions of the equilibrium states at times
t, and t;, and B = (kgT)~' is the inverse temperature with
the Boltzmann constant kz. Applying Jensen’s inequality, JE
implies (w) > AF by the second law of thermodynamics.

For an input state 0 = 0p + 0o With op the diagonal
and Oof the off-diagonal components in the basis of the
measurement A, JE in the TPM scheme does not retain its con-
ventional form. Instead, it becomes (¢ ~#*)1pv = ¢ #2F Trput,
where 'rpy = Tr[0g 0p®}; (6.7)] [9]. The additional term
I'rpm implies that the work fluctuation derived from the TPM
scheme only represents the effect induced by the incoherent
elements of the initial state, as the backaction of the measure-
ment A removes the coherence of the initial state.

For states with energy-basis coherence, the JE of the OQ
becomes

(e ") oq = e P2 Toq. ®)

As the statistics of the EPM and the marginal probability of
TPM are involved, the additional term is given by

1
Too = Crpm + ETr(@a],-)Tr[@offdﬁ,(@G. Al ©9)

See Appendix D for details. This implies that I'oq = I'tpm
when the input state has no coherence 9 = ¢p. Unlike the
TPM scheme, the additional term I'oq considers the overlap
between the off-diagonal components of the input state at the
initial time and the Gibbs state at the final time. This shows
that the OQ formalism for the fluctuation relations captures
how the initial coherence influences the final equilibrium
state, relative to the energy landscape of the initial equilibrium
state. Note that the additional term for the KDQ is given by
I'kpq = I'rpm + Tr[@&,li@off@L(@G, 1]

The nth moment of work is given by the deriva-
tive of the generating function as (w")oq = AF"+
(—=1)"90"T'0q/d" Blg=o- Thus, the average of work becomes

(w)og = (w)tem + Tr(2ortH}'). (10)

where (w)rpym represents the average work obtained from
the state without energy-basis coherence op = ZiAAil / 2@14; 2,
This result shows that, for such incoherent states, the work of
the OQ is equivalent to that of the TPM scheme by condition
(T2).

For the work difference between the OQ and the TPM
scheme Sw := (w)oqg — (w)Tpm, We can obtain a relation sim-
ilar to the second law of thermodynamics:

dw = 6F + kpT Cre1(0), an
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where 6F = F(0) — F(op), F(6) = Tr(&]-?f’) —kTS(6) is
the Helmholtz free energy, Ci1(0) = S(0p) — S(0) [31] is
the relative entropy of coherence measure, and S(9) =
—Tr(olog o) is the von Neumann entropy. Thus, the work
difference can be decomposed into (1) the free-energy differ-
ence between the input state and its incoherent counterpart and
(2) the amount of coherence. Since C, > 0, the nonclassical
contribution to the OQ work is bounded from below by the
free-energy difference Sw > §F. The equality holds if and
only if o is incoherent in the energy basis.

Furthermore, the bound of Eq. (10) can be determined by
the initial coherence of the input state as

j8w] < C,@)|Af i .- (12)

where C;, is the coherence measure of the (entrywise) 1-
norm [31] and ||1'-ffjffoff||oo = max;z; |I-7Ffl.j| is the (entrywise)
lo-norm and the off-diagonal terms are defined in the basis
of 9. To obtain this relation, we apply Holder’s inequality
to Eq. (10). The equality holds if and only if the absolute
value of A ;’ of attains the same maximal value at every index
where Q¢ 1s nonzero. These results highlight the contribution
of coherence to the average work, which cannot be captured
within the TPM scheme.

The second moment is of great importance in the opera-
tional determination of the fluctuation of systems. In many
cases, one usually considers the symmetric energy landscape
such that Tr H; = Zi E; = 0. Under this condition, the second
moment of work of the OQ is lower bounded as

(whoq = Tr[owr(A)’]. (13)

The proof is presented in Appendix. B. This relation shows
that, unlike the quasiprobabilities listed in Refs. [7,8], the
second moment of work in the OQ can be negative, but it is
lower bounded by the coherent part of the initial state.

We have shown that the OQ can serve as a work distribution
satisfying conditions (T1)—~(T3) and that the work difference
between the OQ and the TPM scheme is originated from the
coherence of initial state. In Appendix. E, we also show that
the difference between the OQ and the TPM probability rep-
resents the trace norm of coherence parts of input state. In the
following sections, we investigate the enhancement of work
extraction enabled by nonjoint measurability and compare the
0Q to the KDQ.

III. ENHANCED EXTRACTABLE WORK
BY NONJOINT MEASURABILITY

Our results show that nonjoint measurability in the OQ
framework gives rise to extractable work that exceeds the clas-
sical bound imposed by joint measurability, thereby revealing
a nonclassical enhancement. To this end, we extend the work
protocol by incorporating generalized measurements [19],
represented by positive operator-valued measures (POVMs).
The POVMs performed at times #; and f, (f; < ;) are de-
fined by A := {A;} and B := {B/}, satisfying 3", A, = I and
» 7 B =1 with i, f € [d]. Specifically, we consider that the
POVMs are defined over the projectors of the Hamiltonian
of system, and they can be represented by unsharp energy
measurements as A; = > aﬁnﬁm(tl) and ) bLT1,(t,) with

id,, =1 and hy b} =1 for di,, b} € [0, 1]. Each element

m> “n

of these measurements becomes sharp when ain = §,ym and
bl = 8,,. The measurements considered in this section are
POVMs A = {A;} and B” = {®"(B/)} in the Heisenberg pic-
ture.

These two POVMs are jointly measurable when there ex-
ists a joint POVM, J = {JA,-f}, that can reproduce the two
measurements as its marginals, i.e.,

> Jy=A4; and Y Jiy =B} vi.f. (14)
f i

If the joint measurement J does not exist, the measurements
are called nonjointly measurable [17-20].

To demonstrate the work enhancement by nonjoint measur-
ability, we use the fact that the sign of the OQ depends on the
input state 9 and joint measurability between the two mea-
surements used [29]. More specifically, we consider binary
unbiased measurements that are smeared versions of pro-
jective measurements defined in the two-dimensional space
Ha, Ai = uli(t) + (1 — w)I/2 and Bf = pulls (1) + (1 —
w)I/2, where u determines the sharpness of measurements
[32]. The joint measurability of these POVMs is equivalent to
the positivity of the OQ as stated in the following lemma.

Lemma 1. The operational quasiprobability is positive
semidefinite for all two-dimensional quantum states 9 if and
only if the binary unbiased measurements A and B are jointly
measurable, i.e.,

qOQ >0, YVoeH, <= Aand BY are JM.

The proof of Lemma 1 is presented in Appendix C and see
Ref. [29] for detailed discussions.

We now derive the classical bound of extractable work
based on the OQ distribution. The extractable work is defined
as the energy remaining at the end of the protocol. So, the
requirement for work extraction is

(w) = (H(12)) — (H(11)) < 0. s5)

Depending on the contributions to the amount of extractable
work, the dynamics of energy can be categorized into two
processes: the excitation process, Ef — E; > 0, and the de-
excitation process, E; — E; < 0. For a classical probability,
say pir, the excitation process reduces the amount of ex-
tractable work, and the extractable work can be maximum
when p;r = 0 for the excitation processes and p;s > 0 for the
de-excitation processes. Thus, the amount of extractable work
by the classical distribution is upper bounded as

Wa =—(w), < — Y pir(Ef — Ep). (16)

E;>2Ey

On the other hand, for a quasiprobability g;¢, the amount of
work defined by

Wy =—(w)g=—Y_ qiy(Ey — Ep) (17
if
can be further increased by the negative values associated with
excitation processes [15]. In the following example, we show
that the work derived by the OQ can be larger than those of
the classical probability, and the increase of extractable work
is induced by the nonjoint measurability.
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FIG. 2. The work extraction based on the OQ in a single-qubit system. (a) Operational quasiprobability ql.(}Q, and the tuple (i, f) denotes
the outcomes. The OQ is negative for the excitation process corresponding to the outcome (0, 1). (b) The black solid line represents the amount
of extractable work w by non-JM and the red solid line represents the classical bound given by the JM. The black solid line is obtained by using
the sharp measurement where © = 1. The classical bound is obtained by optimizing the state-independent bound (21) over the measurement
sharpness w. The amount of work obtained by the TPM scheme is zero (blue solid line). (c¢) The landscape of classical upper bound of the
extractable work by jointly measurable measurements is illustrated. The white dashed line represents the JM bound in panel (b).

Let us assume the Hamiltonian of a qubit to be
H(t) = %[Q(cos(&t)&x + sin(8t)é6y) + 66-1, (18)

which corresponds to a two-level system subjected to a
magnetic field rotating around the z axis. In the rotating
frame, the effective Hamiltonian governing the dynamics of
the qubit becomes time independent, i.e., ﬁeff(t) = Q6,/2.
Thus, the evolution operator of the system is given by
U = ¢ 73%1/2=796:4/2 for j2 = —1. The Hamiltonian and
its spectra are given by H@) = Z;:o E,I1,(t), where A =
V82 + QL E =y'AJ2, Iy = +y*H()/A)/2, and y =
—1. We consider the work extracted by the measurements
performed at times #; =0 and 7, =¢. For measuring en-
ergy, we consider unbiased measurements defined by M (t) =
wIl(t) + (1 — w)I/2. We assume that the initial state has
coherence in the eigenbases of H(0) as

@=G?1fg, (19)

where 0 < p < 1 and c is set to a real number for simplicity.
For the Bloch vectors of the input state, 7, and the measure-
ment, ¥, the OQ can be read as

g = L1+ YT B+ (T ) T (20)

By Lemma 1, the qi(}Q > 0 Vi, f if and only if the measure-
ments My and M; are jointly measurable. More specifically,
the OQ is positive semidefinite if and only if 1 £7; - ¥y —
Iv; = Ul > 0, and this condition holds if and only if Busch’s
criterion is satisfied [17]: [|0; + Ofll + [|U; — U]l < 2. (See
Appendix C for details.)

For the positive OQ, we obtain a state-independent upper
bound of the extractable work as

Wa < — Z chQ(Ef —E)

Ei>E;

A T
< Z(l — Ui - Uy + 1V — vrlD), 21

where the inequality holds for all quantum states in the
two-dimensional Hilbert space, 0 € H,. For the positive dis-
tribution, extractable work is maximized when qgQ > 0 for
the de-excitation process of E; < E;. This case corresponds
to the outcomes s; = 1 and sy = 0 and the respective amount
of work is —(Ey — E; )q%Q = —Aq?OQ, where q?(? is given by
Eq. (20). This value is maximized when the Bloch vector of
the input state becomes Finax = —(V; — Uy)/||V; — Url|. With
Tmax, the extractable work is given by the upper bound in
Eq. (21).
We say that the nonclassical work extraction appears if

max We < W 22)

In Fig. 2, we set the parameters of the system to p = 1/2,
c=1/2, §=(v/24+1)Q, and Q = 1. The sharpnesses of
the measurements are assumed to be the same as u, i.e.,
I5:ll = 1197]l = p. In these settings, the values of the OQ are
shown in Fig. 2 (a). The quasiprobability associated with the
excitation process q(?lQ has negative values and it contributes
to the increase in extractable work. Figure 2 (b) shows that the
nonjointly measurable measurements that are sharp (u = 1)
enable the increase in the extractable work beyond the classi-
cal bound of the joint measurability. To obtain the JM bound,
we further optimize the state-independent bound (21) over
the sharpness. So, the increased work extraction by nonjoint
measurability appears when

A
max W, = max Z(l —0; - Ur + |0 — Ofl) < W, (23)
" 7

Figure 2 (c) presents the landscape of the upper bound (21)
and the maximum value over the sharpness w is represented
as the white dashed line. These results can be summarized as
follows.

Theorem 1. If the amount of extractable work increases
beyond the classical bound, max, W, the binary unbiased
measurements A and B are nonjointly measurable.
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The proof of Theorem 1 is presented in Appendix F. Based
on Theorem 1, our method provides an operational method to
verify non-JM in the work extraction protocol.

IV. COMPARISON OF OQ AND KDQ

We have shown that the OQ can be used to define quantum
work and enable the extractable work to be increased by
nonjoint measurability in a two-dimensional system. In this
section, we compare the OQ with the real part of KDQ, called
Margenau-Hill quasiprobability. We show that the OQ and the
MHQ are equivalent for two-dimensional systems, and this
equivalence implies that the joint measurability determines
the positivity of MHQ consisting of two binary unbiased
measurements. We also consider a three-dimensional system
and show that the equivalence does not hold, but they yield
the same amount of extractable work.

The KDQ for the two POVMs A and B can be defined by

g% == Tr(oA:BY). (24)
Several generalizations of KDQ have been proposed [14].
Since this function can in general take imaginary values, its
real part is defined as the MHQ and it reads

q}.‘;“Q = Re[qEPQ]. (25)

A method to reconstruct the MHQ is to use nonselective mea-
surement scheme [33] in which a state after the measurement
at time #; becomes

ons: = A;"0A]” + AL RAL (26)
where AAw =] —A; and NS stands for “nonselective.” In a
selective scheme, the postmeasurement state reduces to an
eigenstate of measurement outcome. The reconstruction of
MHQ requires the three measurement settings [4]: EPM,
TPM, and weak-TPM (WTPM) schemes, where the probabil-
ity of wTPM is given by pi"™™ = Tr(ds BY). Combining
these probabilities, we have the MHQ function:

g = pif™ + 50} - pi™). 27)
The MHQ is positive semidefinite if the observables consid-

ered commute with each other or with an input state [4]. This
representation will be used to show the equivalence with the

0Q.

A. Two-dimensional case

The equivalence of OQ and MHQ is stated as follows.

Theorem 2. For any binary measurements A defined over
the two-dimensional Hilbert space, the OQ and the MHQ are
equivalent.

The proof of Theorem 2 is shown in Appendix G. The
proof is based on the fact that the statistics from the nonselec-
tive postmeasurement state can be the same with the marginal
probability of the TPM scheme for binary measurements, i.e.,

P =3 Pl (28)

so the MHQ function (27) becomes the OQ function (3). For
projective measurements, the equivalence between the OQ

and the MHQ can be seen in Ref. [33]. We extend this previous
result to a general binary measurement that can be biased [34].

Lemma 1 and Theorem 2 imply that, for the unbiased
measurements, their joint measurability is a necessary and
sufficient condition for the non-negative MHQ:

Corollary 1. The MHQ 1is positive semidefinite for all
two-dimensional quantum states if and only if the unbiased
measurements A and BY are jointly measurable.

It has been known that the negativity of the KDQ can occur
only if an initial state noncommutes with one of measurements
considered, or if there exists a pair of mutually noncommuting
measurements. Corollary 1 reveals that the nonjoint measura-
bility is a necessary and sufficient condition for the negative
MHQ. Furthermore, this result implies the potential connec-
tion between the nonjoint measurability and the weak value
induced by the negativity of KDQ [4,35,36], which requires
further clarification in future research. Also, since the OQ
requires simple measurement settings, it can be an alternative
to the MHQ in experiments with two-level systems.

B. Three-dimensional case

We consider a three-level system, which is a spin-triplet
state considered in the experiment of NV center in diamond
[15]. For the ith eigenstate |i) of Hamiltonian, the experiment
considered a bichromatic microwave field that resonates with
transitions (1) |0) — | — 1) and (2) |0) — |1). Specifically, in
the rotating wave frame of the microwave exerted on the NV
center, the Hamiltonian of the system is given by

H(t) = Qi[Sq cos(¢ir) + S, sin(¢i1)]
+ @[S cos(¢ar) — Syasin(pat)l,  (29)

where 2; and €2, are the Rabi frequencies of transitions (1)
and (2), respectively, and §'s are the Gell-Mann matrices:

. 1010 . 1Q—iO
=l 0 o) Tl o of
. 1000 . 1OOO
2=l 1 o) Tl b D

The time-independent Hamiltonian in a rotating frame be-
comes Her = 2181 — @151 + Q2800 + #28., where S, =
[1)(1] and S,, = —| — 1)(—1|. The unitary operator of the
system is given by

U(t) = exp(—jt¢18:1) exp(jt$2S.) exp(— jt Herr),

where jZ = —1.

Figure 3 (a) shows the measurement settings to con-
struct the quasiprobabilities. The initial state is prepared
by a pure state, which minimizes the value of MHQ as-
sociated with the excitation process from | — 1) to |1)
[15], [¥) =, ﬁyz”f”'|i), with p; = 0.7654, 0.0009, and
0.2338 and a; = 0.0073, 0.2787, and 0.0002 fori = 1,0, —1,
respectively. We use projective measurements defined by the
eigenvector of the Hamiltonian. The Hamiltonian parameters
in Eq. (29) are set to 2 = 2, = 4.47 MHz and ¢ = 1.09%2.
In this resonant condition, |0) becomes a dark state by a
stimulated Raman adiabatic passage [37], and this effect is
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(a) Measurement setting (b) Probability
1.0 1.0 1.0
. U EPM TPM WTPM
EPM: 0 [« os 08 LN
U 0.6 0.6 \/\/ 0.6
TPM: o 11¢ @—» t 0.4 0.4 0.4
U 0.2 0.2 0.2
wWTPM I [:ZF_*
o NS 11 t 0 0 / N / N 0
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40
t (ps) t (ps) t (ps)
(¢) Quasiprobability (d) Negativity
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0.8 1 0.8 0Q
0.3 1
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FIG. 3. The OQ and MHQ obtained by the three-dimensional system of NV center in diamond. (a) The OQ is constructed by the EPM
and TPM scheme, and the weak-TPM scheme is additionally considered to construct MHQ. Panel (b) shows the probabilities obtained by the
measurement settings in panel (a). (¢) The OQ and the MHQ exhibit negative values, but they do not coincide. The OQ negativity shows the

visibility higher than those of MHQ.

shown by the zero value of the EPM probability represented
by the black solid line of Figs. 3(b) and 3(c) shows the OQ
and the MHQ.

We define the negativity of the quasiprobabilities as

Nlgl =) lgifl — 1. (30)
if

(Note that, in Appendix H, we show that the negativity of
0OQ is a faithful indicator of nonclassicality.) Figure 3 (d)
shows the negativities of the OQ and the MHQ. While the
negativities of the OQ and MHQ do not coincide, they can
extract exactly the same amount of work:

(Ef — Ei)oq = (Ef — Ei)MHQ>

as their marginal probabilities of A and B coincide. This
signals that the negativity in a quasiprobability is necessary
for increase of the extractable work, but the magnitude of
negativity cannot be a faithful indicator of the amount of
increase in work.

€29}

V. CONCLUSION

We suggest the OQ as a work distribution in the nonequi-
librium quantum thermodynamics, which can be constructed
with the simple experimental settings, the EPM and the TPM
scheme. The OQ satisfies the significant properties to serve
as a work distribution: marginality, TPM reproducibility, and
convex linearity. These properties allow the OQ to reproduce
the JE and the average work consistent with the classical

definition. Also, we show that the coherence of initial state
contributes to the fluctuation, the average, and the second
moment of work.

For a two-level system with unbiased measurements, the
negativity of OQ implies that the measurements considered
are nonjointly measurable. Based on this, we show that non-
joint measurability can enhance the work of the OQ beyond
the classical bound, providing an operational identification
of the generalized measurement incompatibility in the work
extraction protocol. We further prove that in two-dimensional
systems the OQ and the MHQ are equivalent. The equiva-
lence reveals that the necessary and sufficient condition for
the MHQ consisting of unbiased measurements to be non-
negativity is the joint measurability. This result suggests a
potential connection between the nonjoint measurability and
weak value induced by the negativity of KDQ. Although in the
three-level system the negativity of the OQ and the MHQ do
not coincide, they extract the same amount of work, implying
that the magnitude of the negativity in a quasiprobability
cannot be a faithful indicator of the amount of nonclassical
work. These results highlight the significance of the coherence
and nonjoint measurability in the nonclassical enhancement of
work.

Finally, it is worth noting that, compared to existing meth-
ods [38,39], the OQ framework can be implemented with
relatively simple measurement schemes, such as linear optical
setups [28,30], which can make experimental investigations of
quantum thermodynamics more accessible. We demonstrate
how the OQ can be utilized to analyze the work extraction
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of spin systems in NV center. Furthermore, the OQ framework
has been theoretically shown to be extendable to high-
dimensional systems [26]. The OQ provides a clear diagnostic
of how initial coherence and joint measurability contribute to
the work extraction.
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APPENDIX A: DEFINITION OF OQ

By the definition of OQ (5), we obtain the function of
0Q as

1 . )
0Q _ § : - 0Q 2 : —im— (o]
qif - d_z 14 anOn + Y " anmli2

m=0,n m#0,n

1 ,
_ —(f=f"n ,EPM
=z <§ R

nf

+ Z y —(i—i’)ﬂl—(f—f')np??M>

m#0,n, 1, f'

1 EPM TPM 1 TPM
= P+ pjf —EZp,f : (A1)

To obtain this result, we use fo;é Y™ =dq0.
APPENDIX B: THE BOUND OF
THE SECOND MOMENT OF WORK

For the energies E; and E; measured at times #; and #;, re-
spectively, let the second-order moment of work w = Ef — E;
be S as

2 O
S = Z(Ef — El) qifQ'
if
We can decompose S into

S=>"Epf+ Y Elp} -2 EEp™
7 i if

. (BD)

S| DT D 3o
i f f i

where p/f™ = Tr(A;*0A,* B'l). We focus on the correlation
term given by the TPM probability, and the Cauchy-Schwarz
inequality gives its lower bound:

ome| S EA0A Y BB
i f

12
> -2 [ﬂ(Z E,?@A,)]

| TS A4 [ Sk Y
i f

,11/2

1/2
=—2<ZE?1)?) [Tr(en(BE))]"%. ®B2)

Note that the measurements A and B are projectors. By the
inequality of arithmetic and geometric means, the last expres-
sion satisfies

2(sen) ety

> =Y Elp! = Tr(en(A]')). (B3)

Thus, S is bounded from below:
N 2 A N
§ > Te{oor(H')] = e Tr(or1').

The equality holds when E,-f’il/ - 13i'/ ZQ, where P =
A}/zA@A}/z and Q=) EfB. The condition Y E =
Tr(H;) = 0 yields the following inequality:

S > Tr[oor(AF)], (B4)

which is equivalent to Eq. (13). ]

APPENDIX C: PROOF OF LEMMA 1

Let the Bloch vectors of an input state 9 and an unbiased
measurement be 7 and U, respectively. Then, the OQ becomes

g5 = S+ y T B+ T+ ) T (C)

This OQ function is positive semidefinite if and only if
1+79; -0y — [|9; £ V|| = 0, and this condition holds if and
only if Busch’s criterion is satisfied: ||; 4+ V|| + [|U; — V¢l <
2. Rewriting the inequality by expressing [|7; £ 0| < 2 —
Iv; = U/ ||, and squaring both sides, we obtain the positivity
condition of the OQ function. |
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APPENDIX D: MODIFIED JARZYNSKI EQUALITY
BY THE OQ

For the TPM scheme, the characteristic function of work
w = Ey — Ej is given by

ZP}}JMefﬁ(E/ —E;)

if

= > Tr[gae e PFr @] (114)]
if

= Tr[ope™ @, (e P11)]

(e Py rpm =

V4 N R
= %Tr (05400 P} (06.1)]
(D)

_BAF
= e P2 Typyy,

where Z; /Z; = exp(—BAF).

The OQ has additional terms determined by the probability
of the EPM, pI}PM, and the marginal probability of the TPM,
Y. ™. The characteristic functions of the EPM and the
marginal of the TPM (mTPM) are given by

V4
(e P )gpm = %TT(QEI)TT[QQ (6,01,

—Bw Zf o (Al A wmt A
(e >mTpM=7Tr(gg,,»)Tr[QD<I>H(QG,f)]- (D2)

i

Combining them, we have the characteristic function of OQ:

1
(e ")oq = (") oM + g((e_ﬁu))EPM — (e ") rpm)
Z 1
= ?f [FTPM + ETT(@G.li)Tr(éoff@G,f)iI
= ¢ P2 Tgq, (D3)

where Qo = 0 — O0p denotes the off-diagonal parts of the
state Q.

APPENDIX E: DIFFERENCE BETWEEN 0Q
AND TPM PROBABILITY

We have shown that the OQ can be a tool for identifying
coherence through the average work and the work fluctuation
(8). The capability of the OQ as an identifier of coherence
also appears in its original functional form. For projective
measurements, the OQ can be written as

1 A
gy =Py + S Ti@ — 20)B]]. (E1)

The difference between the OQ and the probability of the
TPM signals the amount of coherence of the state in the basis
of A as

maXZ|q,f — ™M =116 — éplle (E2)

This quantity is equlvalent to the /;-norm coherence measure
C1,(9) for d-dimensional X states (d > 2) and qubit states
[40]. By the equivalence of the OQ and the MHQ, this result
implies that the difference between the MHQ and the TPM
probability maximized over the measurement B can quantify
the coherence of a qubit state.

APPENDIX F: PROOF OF THEOREM 1

By Lemma 1, the OQ is positive semidefinite for all two-
dimensional quantum states 0 € H, if and only if binary
unbiased measurements are JM. For the positive semidefinite
0OQ, the upper bound of extractable work is determined by W
derived in Eq. (21). The bound maximized over the sharpness
of the measurements, max,, W, is larger than or equal to W,;.
This can be summarized as follows:

IM & 0Q >0, VYoeH = (wog < maxW.
n

Thus, as the contrapositive statement, the work extraction be-
yond the max, W, implies that the measurements considered
are nonjointly measurable. ]

APPENDIX G: PROOF OF THEOREM 2

For the measurement A, consider a binary measurement
determined by the biasedness x and the unbiasedness u as

A =310+ YOI +7; - 5], (G1)

where y = —1,0 < x < 1, and ||5;|| = p. The M; is positive
semidefinite when 1 & x % ||v;]| > 0. This expression is the
general form for representing a binary measurement defined
in the two-dimensional Hilbert space [34].

We rewrite this expression in terms of the projectors
aligned to the Bloch vector of measurement A, f[i =+
Ui/l - 6)/2, as

A = aifly + ai 14, (G2)

where a; = [l +yix+m)1/2>0 and a; +air =1. As
I l'I =4 jl'[,, we can obtain the square root of the mea-
surement by taking square root at each coefficient as Ai/ =

fo+ al,

The equ1valence of the OQ and MHQ is based on the
following identity:

~/2AH A2
ZAi By A,

=2A?BIA}? + AlLBTAI — APBYA”
=2A!?BYA}” + ai TLBY L + a4 BY 11
—a (LB — a1 BY T,
=2A!2BYA}? + aia (1 — T )BY (1 — T140)
+a;(I — ﬁi)é?(l — 1) — aiﬁﬁ?fli

=i i My

=24B1A? + B — A,B% — BYA,. (G3)
We arrange this identity as
Y PN 1. IRYZ PN
1/25H 71/2 H 1/2 5H £1/2
AiTBrA; Jr§<Bf - 2 _A"BYA; )
| NN Ap A
= 5 (A} +B}4), Vi, f, (G4)

and multiplying both sides by a quantum state ¢ and taking a
trace lead to the equivalence of the MHQ and the OQ. |
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APPENDIX H: PROPERTIES OF THE OQ NEGATIVITY

Like the KDQ negativity [4], the negativity of OQ has some
useful properties to witness nonclassicality:

(N1) Faithfulness: N'(g°?] = 0 if and only if ¢°? is a
probability distribution.

(N2) Noncommutativity — witness: If
[6,A]1#0 and [Ai,ﬁff] #0 for some
and f.

(N3) Convexity: For Y, prq.2(d) where p; > 0 Yk and
Y e = LN peg R @)1 < X4 piN g2 (@)

(N4) Monotone under decoherence: For the decoherence
process Ep[-] = (1 — s)I + sD[-] where s € [0, 1] and D[-] is
a transformation that removes off-diagonal elements in the
basis of either the measurement A or B, N[¢g°?(&Ep[o])] <
Nig*@).

(N5) Monotone under coarse graining: For q,F (Q) =
Ziel’feF qSCQ(@), where [ and F are disjoint subsets that par-
tition the indices {i} and {f}, respectively, then A'[§°2(p)] <
N1g*@))-

The following presents the proofs of (N1)—(N5):

Proof of (NI). If any element of the OQ is nega-
tive, for some i and f, |q Q> qOQ This leads to Zif

N@G®) =0

indices i

(lg; —
Zif ql.(}Q = 1. The converse is also true. |

Proofof (N2).1f [, A;] = O or [A,, B =0Vi, j, the prob-
ability of TPM can be written p = Tr(0A; BH ). It follows
that the marginal of the TPM probablhty and the EPM are the
same pi™ =37 . plPM. In this condition, the OQ function is
TPM vy

qS.Q) > 0, which is equivalent to N[g°?] > 0 as

positive semidefinite as q f =Djy f. The contrapositive
is (N2). |
Proof of (N3). By the Convexity of the absolute func-
tion, Y, Ipq,(} ' + (1= p)gal = 1< p(E gl — D+
- y |‘11 72| — 1) holds. Thus, the negativity of the OQ
satlsﬁes the convexity. |
Proof of (N4). By the property of convexity (N3),
Ng®UEp@N] < (1 = HN (%)) + sN(g°%DId)). As
D[0] commutes with either A or B, the OQ of D[¢] is posi-
tive semidefinite by property (N2). Thus, N [¢°?(Ep(0))] <
(1 =N (@) < N(qOQ(@)) L
Proof of (N5). NGl = 210 1t per qu °/—1 and
this term is upper bounded by the convexity (N3) as
2012 ier per Q3Q| = 1< X0 D ier fer Iq?fQI — 1. Thus,
NIGU < N1g*@)1. n
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